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Abstract

We develop some new error bounds for learning algorithms induced by regularization
methods in the regression setting. The “hardness” of the problem is characterized in terms
of the parameters r and s, the first related to the “complexity” of the target function,
the second connected to the effective dimension of the marginal probability measure over
the input space. We show, extending previous results, that by a suitable choice of the
regularization parameter as a function of the number of the available examples, it is
possible attain the optimal minimax rates of convergence for the expected squared loss of
the estimators, over the family of priors fulfilling the constraint r + s > % The setting
considers both labelled and unlabelled examples, the latter being crucial for the optimality
results on the priors in the range r < %
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1. INTRODUCTION

We consider the setting of semi-supervised statistical learning. We assume Y C
[ M, M] and the supervised part of the training set equal to

z = (Zl,...,Zm),
with z; = (24,y;) drawn i.i.d. according to the probability measure p over Z = X x Y.
Moreover consider the unsupervised part of the training set (zy,41, ..., 2% ), with zj' drawn
i.i.d. according to the marginal probability measure over X, px. For sake of brevity we
will also introduce the complete training set

z="(21,...,%m),
with 2; = (%, §:), where we introduced the compact notations &; and ¥;, defined by

_ { x; if 1<i<m,

o= zi i m<i<m,
and

_ Ty if 1<i<m,

L it m<i<m.

It is clear that, in the supervised setting, the semi-supervised part of the training set
is missing, whence m = m and z = z.

In the following we will study the generalization properties of a class of estimators fz x
belonging to the hypothesis space H: the RKHS of functions on X induced by the bounded
Mercer kernel K (in the following x = sup, ¢ x K(z,)). The learning algorithms that we
consider, have the general form

1) fzx = GA(T%) 2,
where Tk € L(H) is given by,

Tef = = Kz, (Kz,, )
! mE Kz Dy

gz € H is given by,

1 & 1 &
gz = %;K@-yi = E;K"L‘iyi7

and the regularization parameter X lays in the range (0, k]. We will often used the shortcut
notation A = %

The functions Gy : [0, k] — R, which select the regularization method, will be charac-
terized in terms of the constants A and B, in [0, +00], defined as follows

(2) A = swp sup |(o+NGxo)l
A€(0,k] o€[0,K]

3) B, = sup sup sup |1 —Gxo)o|a'A7", r>0.
te[0,7] Ae(0,x] o€[0,K]

Finiteness of A and B, (with r over a suitable range) are standard in the literature
of ill-posed inverse problems (see for reference [12]). Regularization methods have been
recently studied in the context of learning theory in [13, 9, 8, 10, 1].

The main results of the paper, Theorems 1 and 2, describe the convergence rates of
fz,x to the target function fy. Here, the target function is the “best” function which can
be arbitrarily well approximated by elements of our hypothesis space H. More formally,
[ is the projection of the regression function f,(z) = [, ydp|.(y) onto the closure of H
in £L2(X, px).

The convergence rates in Theorems 1 and 2, will be described in terms of the constants
Cr and D; in [0,+o00] characterizing the probability measure p. These constants can be



described in terms of the integral operator Lr : L£L3(X,px) — L£*(X,px) of kernel K.
Note that the same integral operator is denoted by 7', when seen as a bounded operator
from H to H.

The constants C,. characterize the conditional distributions pj, through f, they are
defined as follows

(4) c,

{ RTILE ], if fr €Im Ly

+00 if fo Im L} ~’

Finiteness of C, is a common source condition in the inverse problems literature (see
[12] for reference). This type of condition has been introduced in the statistical learning
literature in [7, 18, 3, 17, 4].

The constants Ds characterize the marginal distribution px through the effective di-
mension N'(A) = Tr [T(T 4+ X) '], they are defined as follows

(5) Ds = 1V sup JNN)As, se(0,1].
Ae(0,1]

Finiteness of Ds was implicitly assumed in [3, 4].
The paper is organized as follows. In Section 2 we focus on the RLS estimators f;}\,
defined by the optimization problem

1s . 1 - ~ ~ \2 2
J2ia = argmin = ;(f(wz) §i)” + A A1
and corresponding to the choice Ga(o) = (o + A\)™! (see for example [5, 7, 18]). The
main result of this Section, Theorem 1, extends the convergence analysis performed in
[3, 4] from the range r > % to arbitrary » > 0 and s > % — r. Corollary 1 gives optimal
s-independent rates for r > 0.

The analysis of the RLS algorithm is a useful preliminary step for the study of general
regularization methods, which is performed in Section 3. The aim of this Section is
develop a s-dependent analysis in the case r > 0 for general regularization methods G.
In Theorem 2 we extend the results given in Theorem 1 to general regularization methods.
In fact, in Theorem 2 we obtain optimal minimax rates of convergence (see [3, 4]) for the
involved problems, under the assumption that r 4+ s > % Finally, Corollary 2 extends
Corollary 1 to general G.

In Sections 4 and 5 we give the proofs of the results stated in the previous Sections.

2. RISK BOUNDS FOR RLS.

We state our main result concerning the convergence of f%s » to f3. The function |z 1

appearing in the text of Theorem 1, is the “positive part” of x, that is %‘zl

Theorem 1. Let r and s be two reals in the interval (0,1], fulfilling the constraint r+s >
1

Furthermore, let m and X satisfy the constraints X < ||T|| and
4D, log 8\ TF
. s Og = TS
(6) A=(—=" ;
N

ford € (0,1). Finally, assume m > mA™' 2" Then, with probability greater than 1—6,
it holds

27
4D log g 2r+s
Vm ‘

o=t a0 +.00



Some comments are in order.
First, while eq. (6) expresses A in terms of m and 4, it is straightforward verifying that
the condition A < ||| is satisfied for

6

r+35
vm > 4D, <L) log 5

171l

Second, the asymptotic rate of convergence O (m_ 2rzr$) of ||f%b>\ - fHHp, is optimal

in the minimax sense of [11, 4]. Indeed, in Th.2 of [4], it was showed that this asymptotic
order is optimal over the class of probability measures p, such that fi € Im L%, and the
eigenvalues of T', \;, have asymptotic order O (i_%). In fact, the condition on fy implies

the finiteness of C, and the condition on the spectrum of T implies the finiteness of D
(see Prop.3 in [4]).

Upper bounds of the type given in [17] or [3] (and stated in [6, 4], under a weaker noise
condition, and in the more general framework of vector-valued functions) can be obtained
as a corollary of Theorem 1, considering the case r > %

However, the advantage of using extra unlabelled data, is evident when r < % In this
case, the unlabelled examples (enforcing the assumption m > m>.\2r_1) allow (if s > % —r)

— r__ .
again the rate of convergence O (m™ 27+s ), over classes of measures p defined in terms of

finiteness of the constants C, and D,. It is not known to the author whether the same
rate of convergence can be achieved by the RLS estimator, for s < % —r.

A simple corollary of Theorem 1, encompassing all the values of r in (0,1], can be
obtained observing that Dy = 1, for every kernel K and marginal distribution px (see
Prop. 2).

Corollary 1. Let m > mA~""2"\+ hold with r in the interval (0,1]. If \ satisfies the
constraints A < ||T|| and
2
5= 4logg 2r+1
vm )
for 0 € (0,1), then, with probability greater than 1 — 4, it holds

27
‘ 4log g ) 2r+1

Vv m
3. RISK BOUNDS FOR GENERAL REGULARIZATION METHODS.

o= a0 +.00

In this Section we state a result which generalizes Theorem 1 from RLS to general
regularization algorithms of type described by equation (1). In this general framework
we need (}\_‘Q_QT_SH — 1)m unlabelled examples in order to get minimax optimal rates,
slightly more than the (A™1*=2"l+ — 1)m required in Theorem 1 for the RLS estimator.
We adopt the same notations and definitions introduced in the previous section.

Theorem 2. Letr > 0 and s € (0,1] fulfill the constraint r + s > % Furthermore, let m
and X satisfy the constraints A < ||T|| and

2
. (4Dslog 3\ 7T
(M) A= ()
LD

for é € (0, %) Finally, assume m > 4VmA™12727 =14 | Then, with probability greater than
1 — 39, it holds

_2r
4D log g> Zrs

I = fl, < B, (2222



where
(8) E.=Cr(30A+23+7r)Br+1)+9MA.

The proof of the above Theorem is postponed to Section 5.

For the particular case Gi(0) = (0 + A)™', fzx = fi' and the result above can be
compared with Theorem 1. In this case, it is easy to verify that A =1, B, < 1forr € [0, 1]
and C, = +oo for r > 1. The maximal value of r for which C, < +o0 is usually denoted
as the qualification of the regularization method.

For a description of the properties of common regularization methods, in the inverse
problems literature we refer to [12]. In the context of learning theory a review of these
techniques can be found in [10] and [1]. In particular in [10] some convergence results of
algorithms induced by Lipschitz continuous G can be found.

A simple corollary of Theorem 2 which generalizes Corollary 1 to arbitrary regulariza-
tion methods, can be obtained observing that D1 = 1, for every kernel K and marginal
distribution px (see Prop. 2).

Corollary 2. Let m > 4V mA™" 2"+ hold with r > 0. If \ satisfies the constraints

A< 7)) and
_2
L (Hlog s
Jm ’

for some 6 € (0, 3), then, with probability greater than 1 — 38, it holds

with E, defined by eq. (8).

4log ¢ =i
m )

f%b,)\ _fHH < E. <
p

4. PROOF OF THEOREM 1

In this section we give the proof of Theorem 1. First we need some preliminary propo-
sitions.

Proposition 1. Assume A < ||T|| and
(9) A > 166N (A) log® %

for some 6 € (0,1). Then, with probability greater than 1 — ¢, it holds
<8 M+ &@Hff 2 E-I-VM logg,
H m H m\ A m 1)

N =(T+X\) "Lifn.

l S S
|+ -

where

Proof. Assuming

(10) Sy = H(TJr/\)*%(TfT,—()(T+>\)7% W<

by simple algebraic computations we obtain



= = (Tx+ N 'g.—(T+Ng
= (Tx+2) {9 —9)+ (T =TT+ X)) g}
= AN TN {T N 20— 9) + (T+A)

[NE

—~

(T =TT+ "9}

= @+N " {1ld— (T+X3)75(T - Ti)(T+A)’%}

(92— g) + (T +N\)"2(T — T,—c)fA} .

Nl A

{r+x"

Therefore we get

| vt -, < 252
where

S = [T+ -9 .

S5 = H(T+ A) (T - T,—c)fAHH .

Now we want to estimate the quantities S1, S2 and Ss using Prop. 4. In fact, choosing
the correct vector-valued random variables &1, €2 and &3, the following common represen-
tation holds,

Sy = ‘ h=1,23.

=Y enlw) ~Elg]

Indeed, in order to let the equality above hold, & : X — Lus(H) is defined by

Q@] = (T+N 2K, (Ko, )y (T+N) 2,

and m1 = m.
Moreover, & : Z — 'H is defined by

Eay) = (T+N K.y,

with mes = m.
And finally, &3 : X — H is defined by

f) = (T+N 2K f¥(x),

with ms = m.
Hence, applying three times Prop. 4, we can write

Hp, on 6 5
P <2 — log=|>1—— h=1,2
[Sh >~ (mh + \/WH) 0og (5:| = 37 ) 737

where, as it can be straightforwardly verified, the constants Hj and o} are given by the
expressions

Hy =25, of = TN (),

Hy=2M\/%, o3 =MN(),

Ha =2 50 o3 = st Voo




Now, recalling the assumptions on A and 7, with probability greater than 1 —§/3, we
get

s, < 2(2/¢+ N(A)H)logb’

- mA mA é
el 1 kN(A) log® S kN(X)log® 8
> > —
CM“)—HTH+A-—2 s e F Py
1 1 3
. < S4-=2
(eq. (9)) s 1t3=7

Hence, since m > m, with probability greater than 1 — ¢,
< 4(S2+ Ss)

(o 1AL (),

Proposition 2. For every probability measure px and X > 0, it holds

@+ 22—

IN

1Tl < &,
and
W) < k.
Proof. First, observe that
Tr[T] = /XTr[Kx< Vrldpx (z / K(z,z)dpx(z) < sg)( K(z,z) < k.

Therefore, since T is a positive self-adjoint operator, the first inequality follows observ-
ing that

T < Tr[T] < k.

The second inequality can be proved observing that, since ¥ (02) = % < o it
holds

AN = Te[a (1)) < TH(T] < &

Proposition 3. Let fi € Im L% for some r > 0. Then, the following estimates hold,

W“ﬁﬂps NLR |, ifr<t
It L, s
R 0

Proof. The first estimate is standard in the theory of inverse problems, see, for example,
(14, 12] or [18].



Regarding the second estimate, if r < %, since T' is positive, we can write,

|5, < l@+N T Lxsl,
< H(T+A)‘%+’“ (T(T+/\)‘1)%+”L§{TfHH
H
3-r —-r —5+r —r
< @ NLE full, < AT L f] -

On the contrary, if r > %7 since by Prop. 2 ||T'|| < &, we obtain,

|25, < 1@+ N Lxsl,
< |rtraen i
H
<

T2 (| LR fuel], < 5772 | 2R ],
|

We also need the following probabilistic inequality based on a result of [16], see also
Th. 3.3.4 of [19]. We report it without proof.

Proposition 4. Let (2, F, P) be a probability space and & be a random variable on Q tak-
ing value in a real separable Hilbert space K. Assume that there are two positive constants
H and o such that

H
l@le < 5 as,
B[] < o

then, for allm e N and 0 < § < 1,

H o 2
m < — —_— >1-—9.
(11) P(lew-;wnL)"/P |: i <2 <m + m) log 5:| >1-6

— > é(wi) — Blg

We are finally ready to prove Theorem 1.

Proof of Theorem 1. The Theorem is a corollary of Prop. 1. We proceed by steps.
First. Observe that, by Prop. 2, it holds

i< Tl
s =t
Second. Condition (9) holds. In fact, since A < 1 and by the assumption m >
mA~ 124 we get,
M > ATl gy S A2y,
Moreover, by eq. (6) and definition (5), we find

N"m = 16D2A"° log® g > 16N (\) log® g.
Third. Since A < 1, recalling definition (4) and Prop. 3, for every r in (0, 1], we can
write,

it <5

2 .
1 Y WS e

H

Ther.efore we can apply Prop. 1, and using the two estimates above, the assumption
m > mA~172"l+ and the definition of Dj, to obtain the following bound,



[ =pn| < o= B 1= g,
(171, = IVTFlx) < @+ ni =+ 10— s,
1 2
< 8(M+Cr)— ( ) log +\C,
NETRve
Cp A= ‘)
(7‘—1—52%) < (BM+C)+C) N < A(M + C)A”

Substituting the expression (6) for X in the inequality above, concludes the proof. [

5. PROOF OF THEOREM 2

In this section we give the proof of Theorem 2. It is based on Proposition 1 which
establishes an upper bound on the sample error for the RLS algorithm in terms of the
constants C, and Ds. When need some preliminary results. Proposition 5 shows properties
of the truncated functions fi, defined by equation (12), analogous to those given in
Proposition 3 for the functions fy.

Proposition 5. Let fr € Im Ly for some r > 0. For any A > 0 let the truncated
function fi* be defined by

(12) N = Pfu
where Py is the orthogonal projector in L£* (X, px) defined by
(13) Py =0\(Lk),
with

. 1 if o > A,
(14) Oxo) = { 0 ifo<A

Then, the following estimates hold,

1= frll, < ALK ],
ANE L, i< g,
tr < 2
”fAHH = {m 2+7‘||L fH” ifr>%.

Proof. The first estimate follows simply observing that

195 = g, = [ ], = o i i sl < X i g

where we introduced the orthogonal projector Py = Id — P.

Now let us consider the second estimate. Firstly observe that, since the compact
operators Lx and T have a common eigensystem of functions on X, then P can also be
seen as an orthogonal projector in H, and fi* € H. Hence we can write,

(g

1Py Sl < HL bpu g

P

IN

s osanvs i,



10

The proof is concluded observing that by Prop. 2, |Lk| = ||T|| < &, and that, for
every o € [0, k], it holds
1
_1 A2t ifr<?i
2+T@ < = 9
7 o) < { ko2t if r > 1.

O

Proposition 6 below estimates one of the terms appearing in the proof of Theorem 2
for any » > 0. The case r > % had already been analyzed in the proof of Theorem 7 in

(1].

Proposition 6. Let r > 0 and define

(15) y= AT - Ty
Then, if X € (0, k], it holds

Hﬁ(Gk(T&) Tx — 1d) ;c\r

L S By @ AR

where

1 1
n=1lr— 31— Lr= 3l

Proof. The two inequalities (16) and (17) will be useful in the proof. The first follows
from Theorem 1 in [15],
(16) [T =T < IT = Tx[", a€[0,1]
where we adopted the convection 0° = 1. The second is a corollary of Theorem 8.1 in [2]
(17) IT? —TZ|| < pu” ' IT —Tx||, peN.
We also need to introduce the orthogonal projector in H, Pk, defined by
Pix = O (T%),

with © defined in (14).

We analyze the cases r < % and r > % separately.

Caser < %: In the three steps below we subsequently estimate the norms of the three
terms of the expansion

(18) VT (GA(Tx) Tx — 1d) £ = VT Pira(Tx) [
+P5c,)\7')\(Ti)Té N
+(VT — VTz) Peara(Tx) f3,

where Pgy = Id — Px,x and 7x(0) = 0GA\(0) — 1.
Step 1: Observe that

2
H\/TP,{AH - HP,%,ATP;AH < sup @I
$€Im Py H¢HH
Tx ) T Tk
< sup (9, <2Z5)H + sup (¢, ( ! )P)H
oem P, |93 bEH lloll%
< AT — T = A(1+7).

Therefore, from definitions (2) and (4) and Proposition 5, it follows

|vrrima |, < VIR Im @l 15,
< B.CTTAA
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Step 2: Observe that, from inequality (16), definition (4) and Proposition 5

3-r r 1_, — 3-r r
‘T; g < le@i|r fHHH+‘T2 el S
H
(19) < K144
Therefore from definition (3), it follows
1 1, .
|ron@aris| < iralinm |
H H
< B.Co(1+~2 )N

Step 3: Recalling the definition of Pk,», and applying again inequality (19) and Propo-
sition 5, we get

H(\/T — VTx)Pxra(Tx) 3

H

1.4, 1_,
S H(\/T— \/T,“()Ti 2+ P;Q)\T)\(T;() T;f f;\r

< BTC’r’y% 1+ fy%_T)).\r.

H
1 1
—5+r 3T ptr

2 2
T, T2 fx

X

< |vr-vix

Pe || Ira (T2l

H

Since we assumed 0 < r < %, and therefore n = % — r, the three estimates above prove

the statement of the Theorem in this case.
Case r > %: Consider the expansion

(CA(Tx) Tx — 1d) f¥ < i (Tx) T 2o

N

_1 _1
< ra(TR)TL v+ ra(Tx) (TT‘%—T; 2)71

IN

x X

1 r_l_
ra(Tx) To v+ 7y (Tx) TP (T“%‘p —Tr 2 ”) v
+ra(Te) (TP — TE) T2 Py

where v = P\T2 " fy,, ra(o) =o0Gx(0) —land p=[r — 1].
Now, for any g € [0, %], from the expansion above using inequalities (16) and (17), and
definition (3), we get

1
|72 @@ -1 £ < @)1 ol
S
(20) +HU(T,~()T,€+5H T3P _plTE P [0l
|| @) 72| 1T? = 22 [Tl

IA

B,Crr~2t0 ().\T*%"Lﬂ(l + fyT’%*”) + p}\1+ﬁv)
< BTCTr-f%JrB (}\*%4’5(1_’_,}/’0)_}_,’47}\14*577") i
Finally, from the expansion

H\/T(GA(T;() Tz —1d) fx'

S VT V] @ £,
+|VEra @) £

I

H
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using (16) and inequality (20) with 3 =0 and § = %, we get the claimed result also in
this case. O

We need an additional preliminary result.
Proposition 7. Let the operator 2 be defined by
(21) Qx = VTGA(Tx) (Tx + \) (T + \) 2.
Then, if X € (0, k], it holds
2 < (1 +2v7) 4,
with vy defined in eq. (15).

Proof. First consider the expansion
= (VT = VTx) Ay (T+ 072 = Ay (VT = VIR) (T+X)72 + A VI(T + )3,
where we introduced the operator
Ay =GA(Tx) (Tx+ V).
By condition (2), it follows ||Ay|| < A. Moreover, from inequality (16)
(22) VT - vIx| < VIT =

From the previous observations we easily get
2|1 Ax]l ”\/T —VTx
< A(l+27),

the claimed result.

12l

IN

H(T+)\)’%

+ AN VT + 3

A

We are now ready to show the proof of Theorem 2.

Proof of Theorem 2. We consider the expansion

VT (far — fn) = VT (GA(Tx) g2 — [X) + VT (S = fr)
= O (T+ N (fEa = 5 2) + VT (GA(T3) T — 1) £+ VT(fY — fro)
= 2 (@ = )+ @B - B+ T - )
VT (GA(T3) Tx — 1d) £ + V(£ = fr0)

where the operator 2 is defined by equation (21), the ideal RLS estimators are o=
(T4+X)"'Tfrand fi = (T+X)'TFY, and f3 , = (Tx+ )" T fX' is the RLS estimator
constructed by the training set

7= (@1, (@) @ SX (@)

Hence we get the following decomposition,

(23) Ifan = frll, < D(S®+R+8%) +P+ P,
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with

st = |a+nium-m)|, .
s° = |arenEura- ).
D = |l

P o= VTG m-1a) £
P - g,

R o= ||@+n:d - ), -

Terms S and S' will be estimated by Proposition 1, term D by Proposition 7, term
P by Proposition 6 and finally terms P* and R by Proposition 5.

Let us begin with the estimates of S' and S™. First observe that, by the same reasoning
in the proof of Theorem 1, the assumptions of the Theorem imply inequality (9) in the
text of Proposition 1.

Regarding the estimate of S"™. Applying Proposition 1 and reasoning as in the proof
of Theorem 1 (recall that by assumption m > mA~1272r sk > AT 127l and from

C |1
Proposition 3, v/k ||f§f||H < Cr A |2 7n|+), we get that with probability greater than 1 —¢

IN
x
=
+
g
‘H
+
S
N———
)
0]

(eq- (7)) = 2(M+Cp)X (1 + A+_)

1
>
(r+s_ 2)

IA
@
=
+
g
>/.
2

The term S can be estimated observing that z’ is a training set of 7 supervised
samples drawn i.i.d. from the probability measure p’ with marginal px and conditional
Pl.(y) = 8(y — fX(x)). Therefore the regression function induced by p' is f,r = f{', and
the support of p' is included in [-M', M'] x X, with M" = sup,cx [ () < VE| ],
Again applying Proposition 1 and reasoning as in the proof of Theorem 1, we obtain that
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with probability greater than 1 — ¢ it holds

(25)

9]
A
~~
<
+
]
=

2 [k N(N) 6
< — e
< a0l (25 400 ) s
(Prop.5) < 16 @C’r‘)’\7|%7r|+ 2 E—Q— M log§
m m\ A m 1
1 2 Dg 6
< 16C,— | — + — log —
vm (\/m/\ x/,\s) 0
. et
(7 = 4C N |1+ ———
(cq. (7) T
1
<T+82§> < 6C-A

In order to get an upper bound for D and P, we have first to estimate the quantity
v (see definition (15)) appearing in the Propositions 6 and 7. Our estimate for  follows
from Proposition 4 applied to the random variable € : X — Lug(H) defined by
E@)] = AT Ko (Kay )y

2K

We can set H = —anda-%

and obtain that with probability greater than 1 — §

2 2 1 2
y<ATH|T - T”Hsf/\( +ﬁ>log5<4 \FIng;

j1-r—sl, -1 . .
S AL T (L P L U Sl P
- vm o~ -
where we used the assumption i > 4V mA~1272"~%l+ and the expression for A in the text

of the Theorem.
Hence, since v < 1, from Proposition 7 we get

(26) D < 34,

and from Proposition 6

2B,Cr(3 + r'y/.\%ﬂ)/.\r

< 2B.C. (3+r/'\‘r+§’l| I

< 2B,Cr(3+ AT AT < 2B,Cp(3 4+ 1)

(27) P

IA

Regarding terms P and R. From Proposition 5 we get
(28) P < G,
and hence,

(29)

=
Il

|@+n7rrk -1
VTR = 1)

The proof is completed by plugging inequalities (24), (25), (26), (27), (28) and (29)
in (23) and recalling the expression for A. O

IN

< PT <O
H
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