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Abstract

We consider learning algorithms induced by regularization methods in the regression
setting. We show that previously obtained error bounds for these algorithms using a-priori
choices of the regularization parameter, can be attained using a suitable a-posteriori choice
based on validation. In particular, these results prove adaptation of the rate of convergence
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1. INTRODUCTION

We show that previous results in [2] about rates of convergence for regularization meth-
ods using a-priori choices of the regularization parameter, can be attained using a suitable
a-posteriori choice based on validation. We also show universal consistency for this class
methods. The framework for semi-supervised statistical learning theory is the same one
considered in [2]. The algorithms we consider are based on the formalism of regularization
methods for linear ill-posed inverse problems in their classical setting (see for example [11]
for general reference). Some popular algorithms from this class are: regularized least-
squares, truncated SVD, Landweber method and v-method.

The paper is organized as follows. In Section 2 we focus on a-priori choices of the
regularization parameter for regularization methods. Theorem 1 shows universal consis-
tency for a large class of choice rules, and Theorem 2 shows specific rates of convergence
under suitable prior assumptions (parameterized by the constants r, s, C\. and D,) on the
unknown probability measure p. Unlabelled data are added to the training set in order to
improve the rates for a certain range of the parameters r and s.

In Section 3 we consider a validation technique for the a-posteriori choice of the reg-
ularization parameter. Theorem 3 shows how error bounds for the estimators f3 x, with
a-priori choices of A\, can be transferred to the estimators f,tt which use the validation
examples z" in z'°* = (%,2") to determine A. The subsequent corollaries are applications
of Theorem 3 to the choices of A described in Section 2.

In Sections 4 and 5 we give the proofs of the results stated in the previous Sections,
using some lemmas from [2].

2. A-PRIORI CHOICE OF THE REGULARIZATION PARAMETER.

We consider the setting of semi-supervised statistical learning. We assume that ¥ C
[-M, M] and we let the supervised part of the training set be equal to

Z:(Zl7~~~7zm)7

with z; = (%;,y:) drawn i.i.d. according to the probability measure p over Z = X x Y.
Moreover we assume that the unsupervised part of the training set is (x5, 11, .., T3 ), with
xj drawn i.i.d. according to the marginal probability measure over X, px. For sake of
brevity we also introduce the complete training set

z="(21,...,%m),
with Z; = (%, 7:), where we introduced the compact notations #; and ¢;, defined by
P T; if 1<i<m,
v z¢  if m<i<nm,
and
- Dy if 1<i<m,
0 if m<i<m.

It is clear that, in the supervised setting, the semi-supervised part of the training set
is missing, whence m = m and z = z.

In the following we will study the generalization properties of a class of estimators fz x
belonging to the hypothesis space H: the RKHS of functions on X induced by the bounded
Mercer kernel K (in the following xk = sup,¢ x K (z,x)). The learning algorithms that we
consider, have the general form
1) fax = GA(T%) 9z
where Tx € L(H) is given by,

m

Txf = %ZK% (Kzy, [

=1



gz € H is given by,

R
Gn = %;Kmyi = %;Kziy“

and the regularization parameter X lays in the range (0, k]. We will often used the shortcut
notation A = %

The functions G, : [0, k] — R, which select the regularization method, will be charac-
terized in terms of the constants A and B, in [0, +00], defined as follows

(2) A = s swp |0+ NGNo)
A€(0,k] o€[0,K]
(3) B, = sup sup sup |1—Gxo)o|a'A7", r>0.

te(0,r] Ae(0,k] 0 €][0,k]

Finiteness of A and B, (with r over a suitable range) are standard in the literature
of ill-posed inverse problems (see for reference [11]). Regularization methods have been
recently studied in the context of learning theory in [12, 8, 7, 9, 1].

The main results of the paper, Theorems 1 and 2, describe the convergence rates of
fz,x to the target function fy. Here, the target function is the “best” function which can
be arbitrarily well approximated by elements of our hypothesis space H. More formally,
fr is the projection of the regression function f,(z) = [, ydp|.(y) onto the closure of H
in £L2(X, px).

The convergence rates in Theorem 2, will be described in terms of the constants C, and
D; in [0, +00] characterizing the probability measure p. These constants can be described
in terms of the integral operator Ly : £L2(X, px) — L£*(X, px) of kernel K. Note that the
same integral operator is denoted by 7', when seen as a bounded operator from H to H.

The constants C,. characterize the conditional distributions pj, through f, they are
defined as follows

(4) C,

{ P ||L?<TfH||p if frx € Im L% r> 0.

+o0 if fo ¢Im L} '

Finiteness of C, is a common source condition in the inverse problems literature (see
[11] for reference). This type of condition has been introduced in the statistical learning
literature in [6, 16, 3, 15, 4].

The constants Ds characterize the marginal distribution px through the effective di-
mension N'(X) = Tr [T(T 4+ A)~'], they are defined as follows

(5) Ds = 1V sup JNN)As, se(0,1].
Ae(0,1]

Finiteness of Ds was implicitly assumed in [3, 4].

The next theorem shows (strong) universal consistency (in probability) for the estima-
tors fz » under mild assumptions on the choice of A. The function |m\+, appearing in the
text of Theorem 1, is the “positive part” of z, that is %'Tl
Theorem 1. Let {Zm } =1 be a sequence of training sets composed of m labelled examples
drawn i.i.d. from a probability measure p over Z, and My, —m > 0 unlabelled examples
drawn i.i.d. from the marginal measure of p over X. Let the reqularization parameter
choice, Am : N — (0, k], fulfill the conditions

(6) lim Am =0,
(7) lim /mAm = co.

m— oo



Then, if Br < 400 for some ¥ > 0, it holds *

. P
im || fa A = frll, = 0.

Theorem 2 below is a restatement in a slightly modified form of Theorem 2 in [2]. In
particular the introduction of the parameter ¢ > 1 will be useful when we will merge this

result with Theorem 3 in the proof of Corollary 2.

Theorem 2. Letr >0, s € (0,1] and a € [0,]2 — 2r — 5|, ]. Furthermore, let m and A
satisfy the constraints X\ < ||T|| and

2
i 4D, 1 6\ 2rFstir
(8) =g 222085 7
vm

for some ¢ > 1, 6 € (0,1/3) and t1 defined in eq. (10). Finally, assume m > 4V mA~.
Then, with probability greater than 1 — 34, it holds

2r—tg

4D logg)m

1fzx = frll, < a"Er < T

where

9) E. = C.(30A+2(3+4+7)B,+1)+9MA,
(10) th = [2-2r—s|, —a,

(11) to = |1—=2r—2s—ti,.

The proofs of the above Theorems is postponed to Section 4.

3. ADAPTATION.

In this section we show the adaptation properties of the estimators obtained by a
suitable data-dependent choice of the regularization parameter. The main results of this
section are obtained assuming that

(12) Ir = fo,

this is true for every p when the underlying kernel K is universal (see [17]). In fact for
this class of kernels the RKHS 7 is always dense in £2(X, px). The Gaussian kernel is a
popular instance of a kernel in this family.

Let the validation set

Zv = (ZY7 e 72’:,71")7

be composed of m" labelled examples z{ = (x},y;) drawn ii.d. from the probability
measure p over Z = X X Y. The validation set z" is, by assumption, independent of the
training set z, and these two sets define the learning set

2" = (2,2"),

which represents the total input of the adaptive learning algorithm. Following the nota-
tions of the previous Section, we let m be the total number of examples in z, and m the
number of its labelled examples.

We say that the sequence of random variables {Xm}men converges in probability to
the random variable X (and we write limm—oco Xm =P X or X,,—>F X), if for every € >
0, limm—oo P[|Xm — X|>€] = 0. This is equivalent to say that, for every § € (0,1),
P[| Xm — X| > e(m, )] <94, with limy,—oo €(m,d) = 0.



Now let us explain how z" is used for the choice of A\. We consider the finite set of
positive reals A,, depending on m, the number of labelled examples in z, and the data-
dependent choice for the regularization parameter is

mY

N . 1 v vi2
13 Azv = argmin — Trfar(z:) —vyi ),
(13) rgmin 2 > (Tufa (@) —ui)

where the truncation operator Ths : £2(X, px) — L£L*(X, px) is defined by
T f(x) = (If(z)| A M) signf(z).

The final learning estimator, whose adaptation properties are investigated in this Sec-
tion, is defined as follows

(14) Jaror =T fz5,. -

Theorem 3 below is the main result of this Section and shows an important property
of the estimator f,tot. It will be used to extend to f,tot convergence results similar to the
ones obtained in the previous Section.

Theorem 3. Let p, K, m, m, m", Am, § € (0,1), € > 0 and \p, € Ay, be such that with
probability greater than 1 — §, it holds
1z 2m — foll, < e

Then, with probability greater than 1 — 24, it holds

||fzt°t - prp < é:

with
8OM?2 . 2|A.,|

— log .
mY é

&2 =2¢2 +

The proof of Theorem 3 is postponed to Section 5.
The first corollary of Theorem 3 proves universal consistency for the estimators fi°*
under mild assumptions on the cardinalities of the grids A,, and validation sets z".

Corollary 1. Let K be a universal kernel, QQ be a constant greater than 1, and define

(15) A’m = {H7HQ_17"'7RQ_|AM‘+1}7
with
(16) (A = (1),

Moreover let {zi2*12°_, be a sequence of learning sets drawn according to a probability

measure p over Z. Assume 2. = (Zm, z,,), with the training sets Z,, composed of m la-
belled examples and My, —m > 0 unlabelled examples, and z,, the validation sets composed

by my, = w(log |Am|) examples. Then, if Br < +oo for some T > 0, it holds
. P
Jim e £l £ 0.

Proof. The result is a corollary of theorems 1 and 3. The universality of K enforces
the equality (12) (see [17]). Condition (16) implies that the regularization parameter
A = wQ~(HoglosmIAIAmD “which belongs to A, fulfills the assumptions (6) and (7).
Hence, using the assumption on my,, we get that for every § € (0,1), with probability
greater than 1 — 2§
80M*? 2| Am|
N

[ fage = £ll? < 0(1) + — log

(loglAn) ¢ 5 "




The second corollary proves explicit rates for the convergence of fi° to f, over specific
prior classes defined in term of finiteness of the constants C, and Ds. The main assumption
is the requirement m" > m/logm. Since this constrain can be fulfilled still being m"
asymptotically negligible with respect to m, the rates (expressed in terms of m) that are
obtained in the second part of the corollary are minimax optimal over the corresponding
priors (see [4]).

Corollary 2. Let K be a universal kernel. Consider a learning set z*°* with

mY > % and m > 4V m'™, for some constants n > 0, r > 0, and s € (0,1]. Define

= lo
A as in eq. (15) with @ an arbitrary constant greater than 1 and

n
17 —1 1 <|Am| <m,
a7 2 loggm +1< [Am| < m
with o defined by eq. (20).
Moreover assume that for some § € (0,1/6), m 1is large enough that it holds

2n
4Dglog 8\ _
(18) ()" <wim.

Then, with probability greater than 1 — 66

1 _2r—t
(19) | fator = foll, < A(Q"ErDs + 3M)log(6m/8) m™ 2 Trreti
where E,, t1 and ta are the constants defined in equations (9), (10) and (11) substituting
(20) a = |2—2r—s|+/\%(2r+s+|2—2r—s\+).
In particular, if r + s > % and n = ‘2_22:74__:4*, and assuming
(21) 2loggm +1 < [Ay| <m,

and )
4D, 10g§ Zrfs _
Q(Ft) " <,

with probability greater than 1 — 66, it holds
| faror = Foll, < A(Q"E Dy + 3M)log(6m/8) m™ 22+

Proof. The result is a corollary of theorems 2 and 3. The universality of K enforces the
equality (12) (see [17]).
First, from equations (20) and (10), by simple algebra we get

n 1

oz:2r+s+t1.

Therefore condition (18) is equivalent to

. 2
. 4D log 6\ Zr¥stig 3
Ag = <Wé> < kT Vg € [1,Q],
and condition A < ™1 ||T| in the text of Theorem 2 is verified by A, for every ¢ € [1,Q].
Moreover, since Ds > 1 and 6 < 1/6, for every g € [1, Q] we can write

—Q .
> Avmt = avm (mmE) T = avmie

which shows that also the other assumption of Theorem 2 is verified.
Hence, by Theorem 2 we get that for every ¢ € [1,Q], with probability greater than
1 — 34, it holds

r—t

2 2
4D, log g> et

I fan— full, <= Q" ( -



The next step is verifying that for some g € [1,Q], A\g = KZ}\Q € A, and hence applying
Theorem 3.
In fact, from definition (15), assumption (17) and Proposition 5, it is clear that

min A, < km~ e <A < Ag < Ao < |7 < k = max Ap,

for some q.
Applying Theorem 3, we get that with probability greater than 1 — 64 it holds

1= 1, <

with, using again condition (17) and the assumption m" >

( 9 8OM?Z . 6|Am| > 3
€+ log
mY 1)

_m

i , the chain of inequalities
ogm

>
\

1

80M?, 5 6m\* 12 6m
< ? log? <eq 2 ge 20
) (E+ mo 6) =t Um 8

2r—t
< 4Q"E,D.log(6/6) m™ 2T 4 12M log(6m/6) m?
2r—t

< 4(Q"E,D, + 3M)log(6m/§) m” 2 FFerer

which concludes the proof of the first part of the Corollary.
The second part of the Corollary is an instantiation of the previous result. In fact by

equations (20) and (10), the assumption n = % implies o = [2 —2r — s, and
t1 = 0. Moreover from the assumption r + s > % and eq. (11) we get to = 0, and noticing
that 7 = ﬁ < 2, it is clear that condition (21) implies condition (17).

O

4. PROOFS OF THEOREMS 1 AND 2

In this section we give the proof of Theorems 1 and 2. We use various propositions
taken [2], which we state without proof.

4.1. Before proving Theorem 1, we begin showing some preliminary propositions. The
first one is a technical result about sequences of real numbers.

Proposition 1. Let {ai}ien and {bi}ien be two non-increasing sequences of reals in the
interval (0,1) with

lima; = 0,
_lim bi = 0.

Then there exists a sequence {c;}ien of reals in the interval (0,1) such that, defining
d; =logc;i/logb;, the following properties hold,

1) {di}ien s a non-increasing sequence of positive reals.

i1) {ci}ien is a non-increasing sequence of positive reals, with

ci > a; ViEN,

lim ¢; = 0.
71— 00

Proof. We consider the sequence {c;};en of positive numbers constructed by the recursive
rule

c1 = aa,
log c;

Cit1 = aix1 V (big1)™8b .

Let us prove point i) by induction.



loger __ loga;

Since by assumption a1 and b1 belong to (0, 1), by construction dy = Tosby — Togh; = 0.
Now, for ¢ > 1 assume d; > 0, then by construction, either ¢;11 = (bi+1)di, and hence
log c; . , .
dit1 = 1ppir = di > 0, or i1 = (bip1)"*! = ais1 > (bi1)™, and hence, since ai1

and b;41 belong to (0, 1), it holds
log a;
di+1 M > 07
log bi+1

(bi+1)di+1 > (bi+1)di = dit1 < d;.

Let us now prove point ).
First, by construction ¢; > a; > 0. Moreover, again by construction, either ¢;+1 = ai+1,
and hence,

Cit1 = ai+1 < a; < ¢,
or ¢it1 = (bir1)? and hence, since d; > 0 by point 4), it holds
civ1 = (bip1)" < (b))% = ¢y
Therefore the sequence {¢; }ien is non-increasing and ¢; < ¢1 = a1 < 1.
Finally, we prove that lim; ¢; = 0.

Let us assume the there exists an infinite increasing sequence of naturals {i(k)}xen,
such that

Ci(k) = Qik) Vk € N.

Since, by assumption, lim;a; = 0, then limg ¢;x) = 0. Therefore, since we already
proved that {a;}ien is non-increasing, lim;c; = 0. Which proves the Proposition, if
{i(k)} ren exists.

If {i(k)}ren does not exist, by construction, there exists I € N such that

civ1 = (bis1)" Vi > I
Therefore, recalling the definition of d;, by induction, it follows
¢ = (b)™ Vi > 1.

Recalling that d; > 0 and lim; b; = 0, the relation above proves that, also in this case,
O

The next proposition introduces the functions fi* and shows some simple results related
to them.

Proposition 2. For any A > 0 let the truncated function f be defined by

(22) I3 = Pafu
where Py is the orthogonal projector in £L*(X, px) defined by
(23) Py =0\(Lk),
with
1 ifo > ),
(24) Oxo) = { 0 if o < A
Then the function a : (0,k] — R, defined by
(25) a(N) = 14 = f ),
is non-decreasing and fulfills the following properties
(26) 0<a(\) <M VA € (0, k],

(27) )1\13%) a(A) =0.



Proof. Recall that the self-adjoint integral operator Lk has a countable eigensystem

1
{(Ai, ¢i)}i21 with positive eigenvalues decreasing to zero (see [5]). Moreover L7 is an
isometry between £?(X, px) and H (again, see [5]). Therefore, since fy is the projection
of f, over the closure of H in £L*(X, px), it holds

= 1o 00),0i-
i=1
Hence, by the definition of fi*, and recalling that Y C [~M, M], we get

0<aN)? = 3" [ (for i), 1P <D 1o i), [P < Ill) < M.

<A

Monotonicity and convergence to zero for a(\) follow from the relation above by standard
arguments on convergent series of positive numbers. O

The next proposition is used in the proof of Theorem 1.
Proposition 3. Let 7 be a positive number. Then, there exists a function

R:(0,1] — (0,7]

such that

(28) RO LSO || <am, A€ 1)
P

(29) lim A" = 0.

A—0

Proof. Let {\s, ¢:} be the eigensystem of the positive compact operator Lk (we also use
the shortcut notation A; = &71\;). First, if the range of Lk is finite dimensional, the
choice R(\) = 7 fulfills trivially the required conditions. Second, from definition (25), it
is clear that if the sequence {a();)}; has only a finite number of positive elements, fy
belongs to the finite dimensional range of the projector Ps, for some positive A, and the
choice R(A) = 7 is again a trivial solution.

Therefore in the following we assume A; > 0 and a(\;) > 0 for every i € N. Moreover,
from Proposition 5, A; < k, and by eq. (26), a(A) < M. Hence we can apply Proposition

1 to the non-increasing sequences {a;}; and {b;}; defined by

_a(h)
= oM
Ai

bi= 3t

The function R is defined in terms of the sequence {d;}; constructed in Proposition 1
as follows

_ . <
RO { 7 if A< A<,

fdi/(F\/dl) if Ait1 < A< A, 7> 1.

Equality (29) can be proved, recalling that by Proposition 1 ¢; = b;-ii < in goes to zero
as 1 — 00, and hence

7/(FVvdy)
) =0

. 3 . i N\ T/(TVvdy) _
lim AR = lim AROD = Jim ((2bi)d1) Yaor (_lim e =

A—0 i— 00 i— 00 i— 00
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Since by Proposition 1 {d;}; is a sequence of non-increasing positives, then R is non-
decreasing. Therefore, defining fi = (fx, ¢:),, we can write

Z fiz)'\i—ZR(i\) < Zfiz/'\i—zR(Xi)

Ai>A i

S IC 0

2

KzRQ) ”L;(R(X)PAJCH

P

(bfi =c¢ < 1) < foci_l

(ci > as) < foai_l = QMZf?a()\i)_l

= My > fra)™!
k=0 2-k—lca(\;)/M<2F
< 2y 2 > A
k=0 27F=1<a(ny)/M<27k
aW?= > ff < 4AM?y27h =8M?,
<A k=0
which proves inequality (28) and concludes the proof. d

We now state four propositions from [2]. The first one introduces the empirical and
ideal estimators least-squares f%*’,\ and f.

Proposition 4. Assume A < ||T|| and

(30) N > 16k (X) log? g

for some 6 € (0,1). Then, with probability greater than 1 — ¢, it holds

s (i ] (;ﬂ#@) g

|@+ 22— 1)

where

(31) fin=(Tx+ )"0z,

(32) =T +N "L fr.

Proof. See Proposition 1 in [2]. O

The second one gives two simple properties of the operator 7" and the effective dimension
N,
Proposition 5. For every probability measure px and X > 0, it holds
1T < &,
and

MN() < k.

Proof. See Proposition 2 in [2]. O

The other two propositions from [2] estimate two different terms which appear in the
proofs of Theorems 1 and 1. The symbol |z| in the text below represents the greater
integer less or equal to x.
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Proposition 6. Let f belong to Im L% for some r > 0. Then, if A € (0, ], it holds
|V @m0 T~ 1) g < B |l25 A1, (0 v @+ A a7,
where Py is defined in eq. (23), and
(33) 7 o= AT =T,
n o= fr—gl-lr-2ll
Proof. See Proposition 6 in [2]. O
Proposition 7. Let the operator 2 be defined by
(34) On = VTGA(Tx) (Tx + A)(T + A) 2.
Then, if X € (0, k], it holds
[0 < (1 +2v7) 4,
with v defined in eq. (33).
Proof. See Proposition 7 in [2]. O

We finally need the following probabilistic inequality based on a result of [14], see also
Th. 3.3.4 of [18]. We report it without proof.

Proposition 8. Let (2, F, P) be a probability space and & be a random variable on Q tak-
ing value in a real separable Hilbert space IC. Assume that there are two positive constants
H and o such that

IN

il a
—_ .S
2 )

2

1€(@)ll
Ell¢lz] < o

N

then, for allm e N and 0 < § < 1,

m

L3 é(wi) — Elg

i=1

(35) P(wl,“‘,wm)wpm[

H o 2
< - 4+ — 2l >1-6.
K2(m+\/ﬁ)bg5]l 1)

We are now ready to prove Theorem 1.

Proof of Theorem 1. Let us consider the expansion

VT (far — fr)

VT (GA(Tx) g2 — ) + VT (Y — fr)
= O (TH+ N2 — 53 + VT (GA(Tx) Tx = 1d) £ + VT (S — fr)

1 s s 1 s rls 1 As s
= O (TH+NTU =)+ T +NIUE =)+ T+ 02X~ f

+VT (GA(Tx) Tx — Id) £ + VT (f — fn)

where the operator Q2 is defined by equation (34), the ideal RLS estimators are fy =
(T+XN)"'"Ta freand fi = (T+X)'TFY, and f35 \ = (Tx+A) "' Tx f3" is the RLS estimator
constructed by the training set

2= (@1, (@) - (@, S (@)

Hence we get the following decomposition,

(86)  fax— frill, < D@ N ($°(2N) + RO + 852 N)) + P2, X) + P"(V),

)
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with
(37) s*@N = [@+ni -,
$*@N = |@+nia-m) .
D@N = [l
P(,)\) = H\/T(GA(T;()T,-(—Id) ]l
PROY = A= ),
R = |@+n: k-

Terms S™ and S™ will be estimated by Proposition 4, terms P'™ and R by Proposition
2, term D by Proposition 7, and finally term P by Propositions 6, 3 and 2.

1
Step 1: Estimate of S™. Since L7 is an isometry between £(X, px) and H (see [5]),
we obtain

(38) |7

frell, 2

VAT VX
Now, let § be an arbitrary real in (0,1). From the assumptions on A, for large enough
m, we have

< Hﬁ(T + A7

1
HLIQ(fHH <
H

Amyv/m > 4k log g,
Am < T

Hence, by Proposition 5, for large enough m, the assumptions of Proposition 4 are verified,

and we get that with probability greater than 1 — ¢
Mm " lH m\ A\m V m )

K 1 K K 6
5, eq. < Jim ) = (2¢/+— + 4/~ ) log 5
(Prop.5,eq. (38)) < 8M (1 + ) T <2 o + ™ log 3
A < 15ym > 4) < fi]\\//[%logg ~ 0.
Hence it holds
(39) lim S (Zm, Am) = 0.

Step 2: Estimate of ™. This term can be estimated observing that Z’ is a training set
of 7 supervised samples drawn i.i.d. from the probability measure p’ with marginal px
and conditional p|,(y) = §(y — fX'(z)). Therefore the regression function induced by p' is
[ = fi', and the support of p’ is included in X x [—~M’, M’], with M’ = sup,cyx f(z) <
VE ||f}\r||H. Reasoning as in the analysis of ™, we obtain that, for every § € (0,1) and
large enough m, with probability greater than 1 — § it holds

s~ . 2 K N(Am) 6
Is " m < ! H 1s ‘ m 9
S (Zm, Am) < 8(M+\/E e H) - Tmﬂ/ 2 | log
1 K K 6
) < tr i A =
(Prop.5) < 16V |||, N (21/Amm + ‘/Am ) log 5
32K -1 6 32k M 6
>4 < P\ L. 2P log = < log - .
(m - ) = \/m‘ Am K >\me , og 5= Am\/m Ogé — 0
Hence it holds
(40) Hm S (Zm, Am) = 0.

m— oo
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Step 3: Estimate of P". By definition (25), P*(\) = a()\). Hence from eq. (27)
(41) lim P"(\y) = lim a(\m) = lim a(}) =0,

m—00 m—00

where we used the assumption (6).
Step 4: Estimate of R. Since from the definitions of fi¥ and f¥,

RO = (@ + 02T - )| < |VTU - p0), < POV,

from (41) we get
(42) lim R(Am) = 0.

Step 5: Estimate of D. In order to estimate D(Z, \), we have first to estimate the
quantity v = (2, A) (see definition (33)) appearing in the Proposition 7. Our estimate
for v(z,\) follows from Proposition 8 applied to the random variable £ : X — Lus(H)
defined by

E@)] = AT Ko (Kay )y -

We can set H = 27“ and o = g, and obtain that, for every § € (0,1) and m > 4, with

probability greater than 1 — ¢

- — 2 ( 2k K 2 K 2
Y(Zm, A) S AT — Tkl < 3 (m + — )logg < 4)\\/ﬁ logg =:¢(m, A, 9).

m Mm
From the expression of ¢(m, A, §) we see that, by the assumption (7), for every ¢ € (0,1),

lim e(m, Am,d) =0,

and hence,

il

(43) lim Y(Zm, Am) = 0.

m—0o0

Finally, from eq. (43) and Proposition 7 we find

(44) D(Zm, Am) < (1 +2\/7(zm,,\m)) AL o34

Step 6: Estimate of P. First, notice that by the definition (3), WLOG we can assume
T < % Moreover by condition (6), we can assume m large enough that A, < k. We
consider the function R introduced by Proposition 3, and apply Proposition 6, with f =
Py, fr and 7, = R(k™ " Ap) < 7, getting

P, Am) < By (145, Am)? )
(2 + Tm’Y(Zm, )\m) JF ’y(imy AWL)%_TWL) H’Tm ||L1_<TmP)‘7an||p (K_lAm)Tm :

This result together with eq. (43), and recalling that by Proposition 3 and assump-
tion (6), the sequence {rm }m verifies the two conditions

K |LE™ P fn|, < AM vm,
lim (57 )™ =0,

proves that

(45) lm_ P(Zm, Am) £o.

The proof of the Theorem is completed considering the limit m — oo of estimate (36),
and using equations (39), (40), (41), (42), (44) and (45).
O
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4.2. Before showing the proof of Theorem 2, we state two propositions from [2] which de-
scribe properties of the functions fi" and fi¥ (defined in eq. (22) and eq. (32) respectively)
when fx € Im LY.

Proposition 9. Let f € Im L for some r > 0. Then, the following estimates hold,
||ftr—fHHp < N ||L17<T‘f7-l||p7
AL, i< g
tr < K P 2
”fA ||H = { ko3t ”L;(Tf?"”p if r> %
Proof. See Proposition 3 in [2]. O

Proposition 10. Let fi € Im L% for some r > 0. Then, the following estimates hold,

| =r| < NlzEll, #r<t
P
Is )\7%+T ||LI_(TfHHp ’Lf’f' S %7
Hf)\ = —14, —r . 1
H K2 ||LK fH”p if r> 3.
Proof. See Proposition 1 in [2]. O

We are now ready to prove Theorem 2.

Proof of Theorem 2. We consider the same decomposition (see equations (36) and (37))
for ||fz,x — fn||, that we used in the proof of Theorem 1.

Terms S and S™ will be estimated by Proposition 4, term D by Proposition 7, term
P by Proposition 6 and finally terms P and R by Proposition 9.

Let us begin with the estimates of S and S™. First observe that, by Proposition 5, it
holds

A<kTH|T) <1,
therefore, since by assumption m > mA~12727 =5l Ht > g A= 1=2rl+0 e get,
A > ATl S

Moreover, by eq. (8) and definition (5), we find

AT = 16¢27 T T D20 log? g > 16N (\) log? g,
hence the hypothesis (30) in the text of Proposition 4 is verified.

Regarding the estimate of Is, Applying Proposition 4 and recalling that by assump-
tion m > mA~I272r sl At > A2l Hh and from Proposition 10, /& ||f§\5||H <

c |1, . .
Cr A E |+, we get that with probability greater than 1 — ¢

6

_t 1 2 Dg
< 8M+AXN2C)— | —+ —= | log -
e O e It
st X )’\*5(172r7257t1)
(eq. (8)) = 2¢ T2 2(MA4CHN |1+ "
2¢" 272 D2log %
(t > 0,42 1) < st o)

<
|
N
IA
=
=
+
Q
=
7
e
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The term S can be estimated observing that z’ is a training set of 7 supervised
samples drawn i.i.d. from the probability measure p’ with marginal px and conditional
Pl (y) = 6y — ¥ (z)). Therefore the regression function induced by p' is f,, = f3', and
the support of p' is included in X x [-M’, M'], with M" = sup,cx fo () < VE| [,
Again applying Proposition 4, we obtain that with probability greater than 1 — § it holds

o s = sl (el
< 16V |14, (i\/:+\/@> log ¢
(Prop.9) < 16\/gay\%—r\+ (i\/@\/@) s
< 1603\\;% (\/%+ f/);f)mgg

Il
[

LS
|
N

Ce_s_t1 . -3 (-2r—2s—t1)
(eq. (8)) T C’r)\r 1+ —
2¢" 22 D2log $
s_t1

6 TN F
(@>1) < 6C AT

IN

In order to get an upper bound for D and P, we have first to estimate the quantity
v = (&, A) (see definition (33)) appearing in the Propositions 6 and 7. Our estimate for
~(z, A) follows from Proposition 8 applied to the random variable £ : X — Lus(H) defined
by

E@)[] = AT Ko (Kay )y -

We can set H = =& and 0 =

X , and obtain that with probability greater than 1 — §

_ 2 (2K K 2 1 2
7)) <A T = Tellhe < 2 (22 + 2 S<4——log=

—(1-r—3

gl S
<4t Jogi < Al
< = 5=

where we used the assumption 7 > 4V mA~1272"=*l+ %4 and the expression for A in the

text of the Theorem.

Hence, since (7, \) < A

P St

+5-1 .
Ir+3 |+, from Proposition 7 we get

(48) D(#)\) < (1+27)A<3A4,

and from Proposition 6

(49) P# ) < BCr(l4+7)2+ AT 7 44MA"
< 2B,Cr(3+ryAZ TN
< 2B, 3+ rAlTHET LRy
< 2B.Ch(3+rAE )N <2B,C(3+1)N".

Regarding terms P and R. From Proposition 9 we get

(50) P™(\) < G\,
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and hence,

(51) R())

|@+ N2k - 1)
|vTE - )

The proof is completed by plugging inequalities (46), (47), (48), (49), (50) and (51)
in (36), recalling the expression for . O

IN

< P <O
H

5. PROOF OF THEOREM 3
The following result is due to [13], adapted to a suitable form used in this paper.

Proposition 11. Let {X;}ic, be a set of real valued i.i.d. random variables with mean p,
|X:| < B and E[(X; — )] < 2, for alli € {1,...,n}. Then for arbitrary o > 0, € > 0,

1 n 2 _ _6noe
52 P|= X —u> < e 3tiaB
(52) [n ; n>ac’ +e|l <e
and
1 n 2 _ _6noe
P [ — X; > < 3+4ab
(53) |:u - ; >ac”+e| <e

Proof. 1t suffices to prove the one side inequality (52). For any s > 0,

=P I:e% Eioai(Xi—p) S 65(0“72+€)]

2
P|— E Xi—p>
[n i=1 pear
< L ZisaXi=w) by Markov inequality

—  gmmesad’ HIEe%(Xﬁ”), by independence of X;
i=1
Denote Z; = X; — pu, t = s/n and B1 = 2B. Thus for those s such that sB < 3n/2 (or
equivalently B1t/3 < 1),

tZ; — t" k —~ " o2 2 202 K ((Bit\*
Ee'?: = 1+ZEE[Zz‘]§1+O+ZgBl o2 <1+ =
k=1 k=2 " k=0

2 3

- 14 3t202 < ox 3t202 — ex 35202
- 6—4Bt = “P\6—4Bt) ~ P\ n2(6 — 4sB/n)
whence

- n 2
e—sefsocuz H ]Ee;(xz‘*,u) < e 5¢ exp {ﬂ (% — ’n,a) } .
n — 4sB/n

i=1

3—?%«3 (one can check that soB = ;i:’fjg

na = 0 and thus r.h.s. < e *°° = exp (

< 3n/2), we have 220

Setting s = so = 6—4soB/n

6nae

7m>, which gives estimate (52). O
We are now ready to prove Theorem 3.

Proof of Theorem 3. The strategy of the proof is the following. Define

(54) A = argmin/ (Tar fan(x) — y)°dp.
AeAm JZ

Notice that, since for every f € £*(X, px),

[ @ =wdo =18 =52+ [ (Fola) =
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definition (54) of A;,, is equivalent to
A = argmin | T fzx — foll, -
AEAm

Now, from the equality above, the assumption of the Theorem, and recalling that
fo(z) €Y C [-M, M], we get that with probability greater than 1 — ¢ it holds

(55) | Tas fzn;, = foll , < N Tas fznm = foll, < Ifznm = foll, < e
We claim that for every z, A > 0 and § € (0, 1), with probability greater than 1 — §

over the probability measure pmv7 it holds

8OM2 . 2[An|

(56) [| fator — fp”f7 < 2| T fanz, — fp”i += log 3

Estimates (55) and (56) together will complete the proof of the Theorem.

We now proceed to proving eq. (56). For ¢ = 1,...,m", let us define the random
variables

& = (Tarfar(@)) —y))* = (fola) —4))?.
Clearly
& < am?,

B = [ (ufer@ =) do= [ (@) =) do = [Tacfar = 5.
(€)= / (Tt far (@) — Fol@)? (Tat far (@) + fo (@) — 20)% dp

16M? | Tas fa, — foll2 = 16ME[€]].

Hence, using Proposition 11 with X; = &}, u = E[¢}], B = 4M? and o> = E[(£})?] <
16M? 1, we obtain that for all A € A,, with probability greater than 1 — 4,

IN

LS < (14 BN + 6

and

3+a o 2| A |
6am” & 1)

5 1 125 5 ¢
E[¢="] < =N g )+ ——
[52 ]*1—0/ (m"i_lgl >+1—a/

where o = 16aM? and € = . Therefore

[ faror — foll?

1 Lig% P
- 1-o m"izli 1—o
1+a a* 2¢
< E[g ™
< e 2
1+a 2 2e
= 1o HTMfi,A;‘,L - fp”p"’ 1—o
Setting o = 1/(48M?), this gives o/ = 1/3 and
2 80M?  2|An,
aor = Sl < 2| Tasfauns, — foll2 + Sl tog 21,

which proves eq. (56), as desired.
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