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Beyond least squares regression

or rather

for classification

In particular:

> Logistic loss log(1 + e (%))

» Hinge loss |1 — yf(x)|+ = max{1 — yf(x), 0}.
Other loss can be used, e.g. exponential loss (boosting).
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Outline

Max margin, minimal norm and regularization

L.Rosasco, 9.520/6.7910



ERM for classification

weR? n

1 n
min fo(y,'X,-TW)-F)\HWW, A>0.
i=1

» Logistic loss — (regularized) logistic regression.
» Hinge — SVM.
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Regularization and minimal norm separating solution

Let .
. o1
WA:argmlanE(y,-x,-TW)—|—)\HW||2, A>0.
weRrd N i—1
and
0T = arg max_min yx; w s.t. [|w| = 1.

weRY i=1,...,n

For both the logistic and hinge loss

I
<>
>

Im —7
A—0 ||wy |
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Max margin and minimal norm

0T =argmax min yx'w s.t. lw|| = 1.
WERd i:l,‘..,n
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Minimal norm and max margin

0T =arg max_ min yx; w s.t. [|w| = 1.
weRd I=ln
Let
w' = argmin ||w|| s.t. yixw > 1, i=1,...,n.
weR
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Minimal norm and max margin

0T =argmax min yx;'w s.t. [|w| = 1.
weRd i=1,...,n
Let
w' = argmin ||w|| s.t. yixw > 1, i=1,...,n.
weR
Then .
=t
Wi
and

L.Rosasco, 9.520/6.7910



Proof of equivalence

By definition w' solves
min ||w|| st yix'w > 1,

so that 07 = 2 satisfies

min yix' of = L T
1
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Proof of equivalence

By definition w' solves

min ||w|| st yix'w > 1,

so that ¢ = ”g:” satisfies

-

. T At
miny;x; V' =
1

@t

Thus
max min yix;' v = i
Ivli=1 i Yixi V= Wi
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Proof of equivalence

By definition w' solves
min ||w|| st yix'w > 1,

so that ¢ = o] satisfies
L Tot 1

milny,x, v = Gl
Thus

max miny-x-Tv -1

Ivi=1 i W]
Hence :

w N ~ N A~
— = va7 Wi =0 min y,-x,TvT,
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Remarks

» Interpolation implies separation:

WTX,' =y < y,'WTX,' =1 = y,'WTX,' > 1.
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Remarks

» Interpolation implies separation:

WTX,' =y < y,'WTX,' =1 = y,'WTX,' > 1.

> Hence overparametrization (n < d) implies separation.
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Remarks

» Interpolation implies separation:

WTX,' =y < y,'WTX,' =1 = y,'WTX,' > 1.

> Hence overparametrization (n < d) implies separation.

> The proof extends to homogeneous function f(ax) = af(x) for a > 0 (e.g. ReLU nets).
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Max margin and regularization

0T =argmax min yx'w s.t. lw|| = 1.
WERd /:1,..4717

_ 1
W :argmlnfZE(y,-x,-TW)—i—)\HW||2, A>0.
weRd N i—1

Regularization allows to handle the trade-off between separating the data and having simple
solutions.
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Outline

Logistic regression, GD and SGD
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From regularization to optimization

Problem For A >, solve R
min L(w) + AllwlP.
weRd

where

—~ 1 <
L(w) = - Zé(y,-x,-Tw).
i=1
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Minimization

Assume /¢ convex and continuous, let

o~

» Coercivel, continuous, strongly convex functional

= a minimizer exists and is unique.

» Computations depends on the considered loss.

1||meH~>oo L)\(W) = 0.

Li(w) = L(w) + Aw]?.
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Logistic regression

~ 1< T
Li(w) ==~ > log(1 4 7™ ™) + Aw|.
i=1

> ’L\A is smooth
n

~ 1 XiYi
VL,\(W):—f g f—&—b\w.
nigl+en

» Optimality conditions give nonlinear equations

so we use gradient methods.
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Gradient descent

Starting

™ / Point

\\, [lteration 3

\ lteration 4

Convergence

Final
Value

Let F : R? — R differentiable,

wo =0, w1 =we —nVF(wy),
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Consider

with B =sup;_;, .

Complexity

Gradient descent for logistic regression

n

1 T
min — log(1 + e ¥ “) + Awl|?.
min, 3o )+ Alwl

1 1 " XiyYi
W =T g ( n Zi:l 14 ermin Wf) ’

o lixill + 27

Time: O(ndt) for n examples, d dimension, t steps.
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SGD for logistic regression

Gradient descent
1 1 ‘ XiYi
Wt+1 = W — E _E Z 71 + ey,‘WtTX,' + 2>\Wt
Stochastic gradient (descent)

XicYi
w; = Wt — - 4+ 2w,
t+1 £ =7 < 1+ evie WtTX/'t t>

Complexity
O(ndt) ~ O(dt)
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SGD flavors

X'ty't
Wep1 = We — Y <1+e’y’W7X + 2>\Wt>

Common variations
» Mini-batching: use b € (1, n) points to compute a gradient estimate.

» Acceleration.

L.Rosasco, 9.520/6.7910



What about step size choice and covergence

Gradient descent

Stochastic gradient (descent)

X: Vi
Wiyl = Wy — 7Y <—1+e’;+t—r)q + 2/\Wt>
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Outline

Step-size choice and convergence for GD
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Gradient descent

Starting

0 / Point

\\ lteration 3

\ Iteration 4

Final
Value

Let F : RY — R differentiable, convex and such that
[VF(w) — VF(w')|| < Bljw — /||
(e.g. sup,, [| V2F(w) | < B)
——

Hessian
Then 1
Wo = 07 Wiyl = We — EVF(WL”)7

converges to a minimizer w* of F.
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Function value rates

Rates can be obtained under different assumptions. We consider two case:

Convex 4+ B-smooth: ,
B Y
Flw) - Fw) < 21—l

Polyak—tojasiewicz (PL) + B-smooth:

F(we) — F(w*) < (1 - %)t (F(wo) — F(w")).
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If F is convex and B-smooth, then gradient descent with step size n = % satisfies

Proof steps:

1. Descent lemma

ok N

Convexity
Combining
Telescoping
Final bound

GD rate: convex 4+ smooth

F(w) — F(w*) <

2t

B|lwo — w

*H2
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Descent lemma

If F is B-smooth, then for all u, v, the following quadratic bound holds

F(v) < F(u)+ VF(u)T(v —u)+ gHv — ul?.
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Descent lemma

If F is B-smooth, then for all u, v, the following quadratic bound holds

F(v) < F(u)+ VF(u)T(v —u)+ gHv — ul?.

(Hint) Apply the fundamental theorem of calculus

to
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Descent lemma (cont.)

F(v) < F(u)+ VF(U)T(V —u)+ gHv —ul?.

In particular, for GD wyy1 = w; — %VF(wt), taking v = wy i1, U= w;
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Convexity

If F is convex, then for all u, v,

F(u)— F(v) < VF(u)T(u —v).

In particular, with v = w; and v = w™:

F(w:) — F(w*) < VF(Wt)T(Wt —w").
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Combining

Descent lemma and convexity

F(wesr) < F(we) = sl VF(we)l?, Fwe) < F(w") + VF(we) " (we — w").
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Combining

Descent lemma and convexity

F(wesr) < F(we) = sl VF(we)l?, Fwe) < F(w") + VF(we) " (we — w").

Combining:
F(Wer1) < F(w*) + VF(we) " (we — w*) = 55 [ VF(we) %
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Combining

Descent lemma and convexity

F(wesr) < F(we) = sl VF(we)l?, Fwe) < F(w") + VF(we) " (we — w").

Combining:
F(Wer1) < F(w*) + VF(we) " (we — w*) = 55 [ VF(we) %

Identity:

VE(we) " (we = w*) = 55 IVF(we)|? = 5 ([lwe = w*[* = [wesr — w*?).
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Combining

Descent lemma and convexity

F(wesr) < F(we) = sl VF(we)l?, Fwe) < F(w") + VF(we) " (we — w").

Combining:
F(Wer1) < F(w*) + VF(we) " (we — w*) = 55 [ VF(we) %

Identity:
VE(we) " (we —w*) = 55 [VF(we) P = 5 (Ilwe — w*[|* — [lwer — w™[|?).

Then
F(wer1) < F(w*) + S([lwe — w*[” = llwers — w*|?).
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Telescoping

F(wert) < F(w)+ 5 (Iwe = w*|? = [wer — w?|[?).

Summing for t =0,..., T — 1:

T

_

(F(Wer1) = F(w*)) < Zllwo — w*|*.
t=0
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Final bound

Since F(w;) is nonincreasing,

T(Fwr) — Fw)) < 3 (F(we) — F(w?)
t=0
Therefore 5
Flwr) = F(w) < g — w'|
[
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Function value rates

Rates can be obtained under different assumptions. We consider two case:

Convex + B-smooth: )
Bllwg — w*
F(WT) _ F(W*) < ” 02T ||

Polyak—tojasiewicz (PL) + B-smooth:

Flw) — Fw') < (1= ) (F() = F(w")).
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Polyak—tojasiewicz (PL) condition

A differentiable function F : RY — R satisfies the PL condition with parameter p if Yw € RY,

SIVEMWI? > 1 (F(w) — F(w?)).
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Strong convexity implies PL

F(w*) = F(w)+VF(w) (w" —w)+ 5w —w*|?> = F(w)-F(w*) < 5 [|[VF(w)]?.

Indeed, rearranging

F(w) - F(w*) < VF(W)T(W—W*)—%HW—W*HZ.
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Strong convexity implies PL

F(w*) > F(W)-‘,—VF(W)T(W*—W)—‘r%HW—W*HZ = F(w)—Fw*) <

Indeed, rearranging
F(w) — F(w*) < VF(w)"(w — w*) — Sllw — w* 2.
By Cauchy-Schwarz,

VE(w) (w—w*) < [VF(w)] [lw — w"],

2l IVEw)I%.
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Strong convexity implies PL

F(w*) > F(W)-‘,—VF(W)T(W*—W)—‘r%HW—W*Hz = F(w)—Fw*) <

Indeed, rearranging
F(w) — F(w*) < VF(w) (w —w") = §llw — w2
By Cauchy-Schwarz,
VEw) (w —w*) < [[VF(w)[l |w — w*]l,
and by Young's inequality (ab < a® + 5b?, & = p)

IVEW) llw = w[| < SLIIVEW)I? + §llw — w*||2.

2l IVEw)I%.
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GD rate: PL 4+ smooth

If Fis B-smooth and satisfies PL, then gradient descent with step size n = % satisfies

Flwe) ~ Fw?) < (1) (F(wo) — F(w")).

Proof steps:
1. Descent lemma
2. PL

3. Combine

4

. lterate
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PL proof is short!

From descent lemma:
F(wern) < F(we) — 55 VF ().
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PL proof is short!

From descent lemma:
F(wern) < F(we) — 55 VF ().

Apply PL:
IVF(wo)ll? > 2 (F(we) — F(w")).
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PL proof is short!

From descent lemma:
F(wern) < F(we) — 55 VF ().

Apply PL:
IVF(we)|? > 2p (F(we) — F(w?)).

Therefore
Fwiir) — F(w?)

IN

(1= %) (F(w) = F(w)).
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PL proof is short!

From descent lemma:

Flwen) < F(we) = | VF(we)]2
Apply PL:
IVF(we)[? > 201 (F(we) — F(w*)).
Therefore
Flwen) = Fw*) < (1= %) (F(w) = F(w").
Iterating: .
Fw) = F(w*) < (1= 4) (F(wo) = F(w")).
O
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Remarks

» Constant step-size is nice.

> Adaptive choices can be considered (line search, variable metric).

» But also other approximations (quasi-Newton or SGD, next).
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Outline

Step-size choice and convergence for SGD
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GD:

SGD: finite-sum case
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SGD: finite-sum case

Fw) =32 fi(w).

GD: .
Wiyl = We — % Zvﬁ(wt)-
i=1
SGD (sample iy ~ {1,..., n}):

Wep1 = We — e Vi (wy).
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SGD: expectation case

F(w) = Ee[f(w:£)].

Draw &; ~ D:
Wip1 = We — Tt Vf(Wtift)~
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SGD: expectation case

F(w) = Ee[f(w:£)].

Draw &; ~ D:
Wip1 = We — Tt Vf(Wtift)~

Unbiasedness:
E[VF(wy; &) | we] = VF(wy).
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Finite-sum as special case

Let £ ~ Unif{1,...,n} and f(w;{ = i) = fi(w).
Then
F(w) = Ee¢[f(w; €)] = 1Zf(w

The finite-sum case is exactly the expectation case with discrete ¢!
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Variance assumption

We assume bounded variance

E [||Vf(w;§) — VF(w)|]? | W] < o2,

Together with unbiasedness, we can write
g = VF(w) + (s,

with E[¢; | we] =0,  E[[|¢e)l? | we] < 02
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Variance assumption

We assume bounded variance

E [||Vf(w;§) — VF(w)|]? | W] < o2,

Together with unbiasedness, we can write
g = VF(w) + (s,

with E[¢: | we] =0, E[||¢|? | we] < 02 (equivalently, E[g: | wi] = VF(w;) and
Var(ge | we) = E[llge — VF(we)[?] < 0?).
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Function value rates: SGD

Rates can be obtained under different assumptions. We consider two cases:

Convex + B-smooth (” diminishing” steps and averaging):

] oy - Blwo— w2 402
E[F(wr) — F(w*)] < Wi .

Polyak—tojasiewicz (PL) + B-smooth (constant step):

t 0_2
BIF )] = F(w) < (1= §)' (Floe) = Fw) + 57
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SGD rate: convex + smooth

If F is convex, B-smooth, with bounded variance stochastic gradients, then SGD average

-~
[

1

V_VT:* Wt
Tf

Il
<}

with steps n; = B%/? satisfies

lwo — w*||? + 0®

E[F(wr) = F(w")] < 2T

Proof steps:
1. One-step inequality (smoothness + SGD update)
2. Combining with convexity
3. Telescoping
4. Averaging
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One-step inequality for SGD

E[F(wei1) | we] < F(we) — %[ VF(we)|? + Efo?.

L.Rosasco, 9.520/6.7910



One-step inequality for SGD

E[F(wei1) | we] < F(we) — %[ VF(we)|? + Efo?.

By B-smoothness:

2
F(we1) < F(we) — e VF(we) T ge + B;“ llgell?.
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One-step inequality for SGD

E[F(wei1) | we] < F(we) — %[ VF ()| + Eo?.

By B-smoothness:

2
F(we1) < F(we) — e VF(we) T ge + BS‘ llge ]|

Taking conditional expectation:

E[F(wes1) | we] < F(we) — mel|[ VF (we)|1* + BQ‘ E[l|gell® | we).
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One-step inequality for SGD

E[F(wei1) | we] < F(we) — %[ VF ()| + Eo?.

By B-smoothness:

2
F(we1) < F(we) — e VF(we) T ge + BS‘ llge ]|

Taking conditional expectation:

B 2
E[F(wer1) | we] < F(we) — el VF(we)|? + S E[llgell | we)-
Variance decomposition:

Ellgell” | wel = [VF(we)? + Var(ge | we) < [VF(we)|* + 0.
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One-step inequality for SGD

E[F(wei1) | we] < F(we) — %[ VF ()| + Eo?.

By B-smoothness:
2
F(wey1) < F(we) —neVF(we) g + BS‘ gl

Taking conditional expectation:

E[F(wes1) | we] < F(we) — mel|[ VF (we)|1* + Bgm E[l|gell® | we).

Variance decomposition:
Elllge|* | we] = [[VF(we)l|* + Var(ge | we) < [[VF(we) [ + 0.
Derive the inequality

EIF(wii1) | wel < F(w) = (me = 52 ) IVF(we) |2 + 50

L.Rosasco, 9.520/6.7910



One-step inequality for SGD

E[F(wei1) | we] < F(we) — %[ VF ()| + Eo?.

By B-smoothness:

2
F(we1) < F(we) — e VF(we) T ge + BS‘ llge ]|

Taking conditional expectation:

E[F(wes1) | we] < F(we) — mel|[ VF (we)|1* + Bgm E[l|gell® | we).

Variance decomposition:

Ellgell” | wel = [VF(we)? + Var(ge | we) < [VF(we)|* + 0.

Derive the inequality
2 2
EIF(wii1) | wel < F(w) = (me = 52 ) IVF(we) |2 + 50

Bn}
2

If?’]té]./B, then e — Z%
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Combining
One-step inequality and convexity

E[F(wi1) | we] < F(we) — %IVF(w)|2+ %h0%, F(we) — F(w*) < VF(w) (we — w*).
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Combining
One-step inequality and convexity
2
E[F(wes1) | we] < F(we) = IVF(we)[? + Fr0?,  F(we) — F(w*) < VF(we) " (we — w?).
Combining:

E[F(wer1) | we] < F(w™) + VF(Wt)T(Wt —w) — %HV’:(Wt)H2 + %J?
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Combining
One-step inequality and convexity
2
E[F(wes1) | we] < F(we) = IVF(we)[? + Fr0?,  F(we) — F(w*) < VF(we) " (we — w?).
Combining:
2
E[F(wes1) | we] < F(w*) + VF(Wt)T(Wt —w*) — %HV’:(Wt)H2 + %J?
Identity (with the stochastic gradient g¢):

g (we —w*) — %llge® = ob (lwe — w*||* — [|wern — w|?).
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Combining
One-step inequality and convexity
E[F(wesr) | wel < F(we) = EIVF(wo)|? + BEo?,  F(we) — F(w*) < VF(we) (we — w*).
Combining:
2
E[F(wes1) | we] < F(w*) + VF(Wt)T(Wt —w*) — %HV’:(Wt)H2 + %J?
Identity (with the stochastic gradient g¢):

-
g (we—w") = Fllgell?* = o (llwe — w*[? — [wesr — w*[]?).
Conditional expectation and variance decomposition give

VF(we) " (we—w*) = % VF(wo) I = o (we —w* > —Ef wesr —w*||* | we]) + % Var(ge | we).
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Combining
One-step inequality and convexity
E[F(wesr) | wel < F(we) = EIVF(wo)|? + BEo?,  F(we) — F(w*) < VF(we) (we — w*).
Combining:
2
E[F(wes1) | we] < F(w*) + VF(Wt)T(Wt —w*) — %HV’:(Wt)H2 + %J?
Identity (with the stochastic gradient g¢):

> =

+
g (we —w*) = Flge® = 5 (Iwe = w* [ = [lwegn — w*[[?).

Conditional expectation and variance decomposition give
VF(we) " (we—w*) = %[ VF(we)|* = 5 (lwe —w* |2 ~E[[| e —w*[|* | we]) + % Var(ge | we).
Therefore

E[F(wes1) | we] < F(wW*) + 52 (lwe = w*[[? = E[|wess — wl[? | we]) + 2252252,
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Telescoping

For constant step size n; = 7,

o o Elwe— w2~ E[wess — w[? )
E[F (1) — F(w")] < =1 ) +3 (1+Bn) o~
<2 if n<1/B
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Telescoping

For constant step size n; = 1,

B |lwe — w*[|? — B ||wesy — w*||?

E[F(we1) — F(w™)] <

1 (1+ Bn) o2
<2 if n<1/B

Summing for t =0,..., T — 1:
*HZ

< [lwo — w

;
;E[F(Wt) — F(w*)] < o + Tno?.
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Final bound

By convexity, for the averaged iterate wr = % Z;l We:

E[F(wr) -

F(w) — F(w")].

HM‘!
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Final bound

By convexity, for the averaged iterate wr = % Z;l We:

E[F(wr) -

F(w) — F(w")].

HM‘!

Therefore ”2
*
2

E[F(wr) — F(w*)] < lwo — w + o2,

= T
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Final bound

By convexity, for the averaged iterate wr = % Z;l We:

-
E[F(wr) — Z F(we) — F(w™)].
Therefore )
wy — w*
E[F(wr) — F(w*)] < 02777_” + no?.
Choosing n = B%/?
_ B|lwo — w*||? o2
E[F(wt) — F(w* + .
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Function value rates: SGD

Rates can be obtained under different assumptions. We consider two cases:

Convex + B-smooth ("diminishing” steps):

. oy < lwo—w*|? + Bo®
E[F(wr) — F(w")] < Nei :

Polyak—tojasiewicz (PL) 4+ B-smooth (constant step):

E[F(w)] — F(w') < (1-8) (F(wo) — F(w") +
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SGD rate: PL 4+ smooth

If Fis B-smooth and satisfies PL, then SGD with constant step size < % satisfies

Bno?
2u

E[F(w) ~ Fw)] < (1 45) (F(wo) — F(w*) +

Proof steps:
1. One-step inequality
2. PL inequality
3. Combine

4. lterate (geometric decay + variance floor)
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PL proof with SGD

From the one-step inequality:

E[F(wei1) | wel < Fwe) — 2IVF(we)[? + B2 02,
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PL proof with SGD

From the one-step inequality:
n 2 Bn2 2
BIF(wer1) | we] < F(we) = FIVF(we)|* + S-0”.

Apply PL:
IVF(wo)ll? > 20 (F(we) — F(w")).
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PL proof with SGD

From the one-step inequality:
n 2 Bn2 2
BIF(wer1) | we] < F(we) = FIVF(we)|* + S-0”.

Apply PL:
IVF(wo)ll? > 20 (F(we) — F(w")).

Therefore 2
E[F(we1) — F(w?) | we] < (1 - nu)(F(Wt) — F(w")) + &0,
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PL proof with SGD

From the one-step inequality:
n 2 Bn2 2
BIF(wer1) | we] < F(we) = FIVF(we)|* + S-0”.

Apply PL:
IVF(wo)ll? > 20 (F(we) — F(w")).

Therefore

Taking expectations and iterating:

E[F(w) ~ Fw)] < (1) (F(wo) — F(w")) +

L.Rosasco, 9.520/6.7910



Remarks

» 1= 0(1/v/T) gives a n = O(1/+/T) bound.

» 7, diminishing at each iteration can be considered (always ensuring convergence!).

» More adaptive choices can be considered.
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Outline

Support vector machines and subgradients
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Hinge loss and support vector machines

o~

1 n
Law) = = 31—y wly + AlwlP
i=1

non-smooth & strongly-convex

Consider the “left” derivative of £(a) = |1 — a|+
W, —W—L 12’7:5-(W)—|—2)\W
t+1 — Wt B\/{ n r— i t t

—yix; if y,-x,-TW <1
0 otherwise

Si(w) = yixit ™~ (yix;' w) = {

with B =sup;_; __, Ix: || + 2.
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Subgradient

Let F : RP — R convex,

Subgradient
OF (wp) set of vectors v € RP such that, for every w € RP

F(w) = F(wo) = (w —wo) v
Properties

» In one dimension OF (wp) = [F’ (wo), F(wo)]-
» There are analogous to chain rule and sum rule for derivative.
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Subgradient method

Let F : R?P — R convex, with subdifferential bounded by B, and ; = %ﬁ then,

Wiyl = Wr — 7tV

with v; € OF (w;) converges to the minimizer of F.

Note: it is not a descent method.
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Subgradient method for SVM

weR? n

1
min = |1 -y wl + Allw]?
i=1

Consider
1 (1<
Wt+]_ = W — Tﬁ (n ZSI(Wt) + 2)\Wt>
i=1
Si(we) —y;x; if y,-X,-TW <1
i(we) =
‘ 0 otherwise
Complexity

Time: O(ndt) for n examples, d dimensions, t steps.
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SGD for SVM

Subgradient method

Stochastic subgradient method

W1 = we — 5 (Si(we) + 2Aw)

Complexity
O(ndt) ~~ O(dt)
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Connection to the perceptron

» Replace the hinge loss with
Uyf(x)) = [ = yf(x)l+-
> Set A =0.

Reasoning as above we can solve ERM by
1 1 —yix; if y,-X-TW <1
Wip1 =W — ——= | = Si(we) + 22wy |, Si(wy) = LT
t "BVt (n ; (we) t> (we) {O otherwise
This is a "batch” version of the perceptron algorithm,

if yx"w, <0

0 otherwise

Werr = we — v (Se(we)),  Si(we) = {‘”Xf
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Representer theorem of SVM

By induction

1 (1
Cy1=CG— —— | — Si(c 2)\¢
t4+1 t Bﬁ(ng (t)+ t)
with ¢; the i-th element of the canonical basis,
n
fi(x) = ZXTX,'(Ct),'
i=1

and

5'(C ) . —VYi€ if y,'ft(X,') <1
0 otherwise '
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What else

» Why are they called support vector machines?

» And what about the margin and all that?
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Optimality condition for SVM

Smooth Convex Non-smooth Convex

VF(w,) =0 0€ dF(w)

20

1 n
0 € OF (w, - 1—yx;' A2
€oF(w,) < OeanZ\ yix; wlp + 2w

i=1
1

& WG—@Z@H—%’X’TWH,.
i=1
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Optimality condition for SVM (cont.)

The optimality condition can be rewritten as

n

1 L YiGi
0= E ;(y,-x,-c,-) +2w = w=- ;X;(zAn).

where
ci = ci(w) € [0~ (yiw " x), €7 (yiw " x;)]

with 7,07 left, right derivatives of £(a) = |1 — al,.

A direct computation gives

¢ =-1 if y,'f(X,') <1
-1<¢<0 if  yif(x)=1
¢ =0 if y,'f(X,') >1
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A more familiar form

: YiCi
Fx) =~ ZXTX/(ZnA)
i=1

¢ =-1 if yf(X,') <1
—].SC,SO if yf(X,):]_
¢ =0 if yf(X,') >1

Let C = 5% and o = —¢;C.
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Support vectors

¢ =-1 if  yf(x)<1
—1§C,'§0 if yf(X,')Zl
¢ =0 if yf(X,') >1
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Sparsity and SVM solvers

The conditions

¢ =1 if y,'f(X,') <1
0<c¢<1 if  yif(x)=1
¢ =0 if y,'f(X,') >1

show that the SVM solution is sparse wrt the training points.

» Classical Quadratic Programming solvers for SVM exploit sparsity.

» Subgradient methods require only matrix vector multiplications, hence are preferable for
large scale problems.
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Back to the margin

n

1
min > 1= yixTwle + Alwl.

i=

For C = —2,11)\, consider the following equivalent formulation
4 1
- 2
min C i+ =|lw
min €36 + oflwl?,
i=1
subj. toforalli=1,... n,

&>0,  yxiw>1-¢

The slack variables &;'s quantify how much constraints are violated.
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Soft and hard margin SVM

This is the classical soft margin SVM formulation

n
1
JJ;ECZ;& + Slwl? subjto >0, yxTw>1-g Vi=1....n

The name comes from considering the limit case C — oo
1 . .
min —|lw[®,  subj. to yixw>1 Vi=1,...,n,

weRd 2

called hard margin SVM (the max margin problem)
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Max margin

min [[w|?, ~subj. to yx'w>1 Vi=1,...,n
weRd

The above problem has a geometric interpretation.

For linearly separable data
» 2/||lw]| is the margin: smallest distance of each class to x " w.

» The constraint select functions linearly separating the data.
Hard margin SVM: find the max margin solution separating the data.

L.Rosasco, 9.520/6.7910



Summing up

> Logistic regression and SVM are instances of penalized ERM.
» Optimization by gradient descent/subgradient method.

» Optimality conditions and support vectors.

» Margin.
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