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The beauty of linear models

» Linear function space:
aw+ Bw  —  afy, + Bf.

» The parameter norm
1wl = l[wll

defines a norm on the function f£,.
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Neural networks: functions and parameters

fo(x) = v a(Wx+b), 6= (v,W,b).

» Not a linear function space:
ab + B0 o afy + Bfy.

» The parameter norm
161]

does not define a norm on the function fy.

L.Rosasco, 9.520/6.7910



Infinite width neural networks

fo(x) =Y vio(wx+ b))
=1

Infinite width limit?
f.(x) = / v(w, b)o(w ' x + b) dr(w, b)
RIxR

(related to mean field limits).

L1 a fixed distribution over weights, ensuring the integral is finite.

L.Rosasco, 9.520/6.7910



Outline

Recap: neural nets and kernels
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Infinite width neural networks in L2

f,(x) = /Rd . v(w, b)o(w' x + b) dr(w, b).

» v is a function in 2 L2(R? x R) (not necessarily a density).

2More precisely, L2(R? x R, 7) with inner product [gq.  g(w, b)g’(w, b)dT(w, b). L.Rosasco, 9.520/6.7910
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Infinite width neural networks in L2

f,(x) = /]Rd . v(w, b)o(w' x + b) dr(w, b).

» v is a function in 2 L2(R? x R) (not necessarily a density).

> o defines a function ®(x) € L2(RY x R) for each x € R9, that is

&(x)(w, b) = o(w' x + b).

» Linear parametrization
fo(x) = (v, cl>(X)>L2(]Rd><]R) :

2More precisely, L2(R? x R, 7) with inner product [gq.  g(w, b)g’(w, b)dT(w, b).
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Infinite width neural networks with L2 norm

fu(x) = (v, ¢(X)>L2(]R=’><]R) :

» Linear function space:
av+ BV = af, + Bh.

» The L2 norm
||V||L2(]Rd><R)‘

induces a norm on the function f,.

L.Rosasco, 9.520/6.7910



Neural networks and feature maps

fu(x) = (v, ¢(X)>L2(Rd><R) :

input space X

feature space L2(R9 x R)

L.Rosasco, 9.520/6.7910



RKHSs of neural networks

fo(x) = (v, ®(x)) 12raxcR) » VIl 2(re—my = IV

There is a corresponding RKHS with reproducing kernel

k(x,x") = /Rd . o(w'x+ b)o(w'x' + b) dr(w, b).
X

e.g. ReLU (with Gaussian weights) gives the arc-cos kernel.

L.Rosasco, 9.520/6.7910



Inductive bias and universality

. [ P,
I = [ S

RKHS norm characterization using Fourier transform 3.

y y

it

3For translation inviariant kernels. Analogous results for homogenous rotation invariant kernelsrosasco, 9.520/6.7910



Inductive bias and universality

. [ @R,
I = [ S

RKHS norm characterization using Fourier transform 3.

y y

it

» Polynomial decay (Sobolev spaces), exponential decay (analytic functions).
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Inductive bias and universality

. [ P,
I = [ S

RKHS norm characterization using Fourier transform 3.

y y

it

» Polynomial decay (Sobolev spaces), exponential decay (analytic functions).

» Universality is ensured.

3For translation inviariant kernels. Analogous results for homogenous rotation invariant kernelsrosasco, 9.520/6.7910



Are neural networks* kernel methods?

> Some extensions (NTK, deep, convolutional). Inductive bias not always clear.

4One hidden layer! L Rosasco, 9.520/6.7910



Are neural networks* kernel methods?

> Some extensions (NTK, deep, convolutional). Inductive bias not always clear.

> These results suggest (shallow) neural networks should perform no better than kernel
methods.

4One hidden layer! L Rosasco, 9.520/6.7910



Are neural networks* kernel methods?

> Some extensions (NTK, deep, convolutional). Inductive bias not always clear.

> These results suggest (shallow) neural networks should perform no better than kernel
methods.

» Actually often true! But is it always the case?

4One hidden layer! L Rosasco, 9.520/6.7910



Are neural networks* kernel methods?

> Some extensions (NTK, deep, convolutional). Inductive bias not always clear.

> These results suggest (shallow) neural networks should perform no better than kernel
methods.

» Actually often true! But is it always the case?

Are there problems for which there's a gap between shallow networks learn and kernel methods?

4One hidden layer! L Rosasco, 9.520/6.7910
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Preliminaries
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Before we start

A Banach space B is:

» A linear space
f,f'eB = af +p5f €B

» A normed space
1l

> A complete space

L.Rosasco, 9.520/6.7910



Dual spaces

The dual B* is the space of linear, continuous functionals on B.
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Dual spaces

The dual B* is the space of linear, continuous functionals on B.

» Duality pairing
(¢, fy = Uf), LteB* feB.
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Dual spaces

The dual B* is the space of linear, continuous functionals on B.

» Duality pairing
(¢, fy = Uf), LteB* feB.

» A Banach space is reflexive if
B = B*.

L.Rosasco, 9.520/6.7910



Examples
» Each Hilbert space H is a reflexive Banach space and

H* = H

(Riesz representation theorem).
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Examples
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(Riesz representation theorem).
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Examples

» Each Hilbert space H is a reflexive Banach space and
H = H
(Riesz representation theorem).

» (P and LP(RY) are Banach spaces for 1 < p < oc.

» Their dual spaces are £9 and L9(R?) with

> (1/0> and L}(R9)/L>(RY) are not reflexive.

L.Rosasco, 9.520/6.7910



Radon measures
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Radon measures

(o) = / (0) du(0)

» A Radon measure positive and finite on RY (”unnormalized probability measure”).
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Radon measures

(o) = / (0) du(0)

» A Radon measure positive and finite on RY (”unnormalized probability measure”).
> A signed Radon measure 1 can be written as
p=pt—p,

with g™, 1~ positive Radon measures (Jordan decomposition).
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Radon measures

(o) = / (0) du(0)

» A Radon measure positive and finite on RY (”unnormalized probability measure”).
> A signed Radon measure 1 can be written as
p=pt—p,
with g™, 1~ positive Radon measures (Jordan decomposition).
» The total variation norm is

lillry = 1l (R), lul = p* 4+ p.

L.Rosasco, 9.520/6.7910



Integral forms

() = [ #6)duto)
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Integral forms

() = [ #6)duto)

> 1€ M(RY), signed Radon measures with norm ||| -
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Integral forms

() = [ #6)duto)

> 1€ M(RY), signed Radon measures with norm ||| -

> f € Go(R?), continuous functions vanishing at infinity with norm | f||_..

L.Rosasco, 9.520/6.7910



Integral forms (cont.)

() = [ #6)duto)
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Integral forms (cont.)

(o) = |70 d(o)

> Co(RY) is a Banach space and M(RR?) its dual (Riesz—Markov theorem).
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Integral forms (cont.)

(F o) = / F(0) du(0)

> Co(RY) is a Banach space and M(RR?) its dual (Riesz—Markov theorem).

> Co(R?) is contained in the dual of M(R).

L.Rosasco, 9.520/6.7910



Integral forms (cont.)

(o) = |70 d(o)

> Co(RY) is a Banach space and M(RR?) its dual (Riesz—Markov theorem).
> Co(R?) is contained in the dual of M(R).
> Not reflexive.

L.Rosasco, 9.520/6.7910



Outline

Revisiting infinite width neural networks

L.Rosasco, 9.520/6.7910



Infinite networks with L2 norm

Infinite width limit
f,(x) = / v(w, b)o(w ' x + b) dr(w, b).
RIXR

SMore precisely, L2(R? x R, 7) with inner product [gq.  g(w, b)g’(w, b)dT(w, b). L.Rosasco, 9.520/6.7910
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Infinite width limit
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RI xR
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Infinite networks with L2 norm

Infinite width limit
f,(x) = / v(w, b)o(w ' x + b) dr(w, b).
RI xR
» v is a function in ® L2(R? x R) (not necessarily a density).

> o defines a function ®(x) € L2(RY x R) for each x € R9, that is

&(x)(w, b) = o(w' x + b).

» Linear parametrization
fo(x) = (v, cl>(X)>L2(]Rd><]R) :

SMore precisely, L2(R? x R, 7) with inner product [gq.  g(w, b)g’(w, b)dT(w, b).
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Infinite networks with L! norm

£(x) = /Rde v(w, b)o(wT x + b) dr(w, b).

5More precisely, L1(R? x R, 7) with norm Jrd g V(W, b)| dT(w, b) < co.
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Infinite networks with L! norm

fu(x) = /Rdx]R v(w, b)o(w ' x + b) dr(w, b).

» v is a function in ® [1(RY x R) (not necessarily a density).

» o defines a function ®(x) € L°(R? x R) for each x € R, that is

&(x)(w, b) = o(w' x + b).

» Linear parametrization’

f,(x) = (v, d(x)).

5More precisely, L1(R? x R, 7) with norm Jrd g V(W, b)| dT(w, b) < co.
7Using the duality pairing between L'(R? x R) and L®°(R9 x R).
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Infinite networks with TV norm

fu(x) = ~/]Rd><]RU(WTX + b) du(w, b).

8Using the duality pairing between M(R?) and Co(R? x R). L.Rosasco, 9.520/6.7910
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Infinite networks with TV norm

fu(x) = /RdXRU(WTX + b) du(w, b).

> 11 is a measure in M(RY) with norm |1y -
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Infinite networks with TV norm

fu(x) = /RdXRU(WTX + b) du(w, b).

> 11 is a measure in M(RY) with norm |1y -

o defines a function ®(x) € Go(R9 x R) for each x € R, that is

d(x)(w, b) = o(w'x + b).

» Linear parametrization®
fu(x) = (1, ®(x)) .

8Using the duality pairing between M(R?) and Co(R? x R). L.Rosasco, 9.520/6.7910



Remarks

/ v(w, b)a(w'x + b) dr(w, b) v.s.
RIXR

/ o(w'x + b) du(w, b).
RIXR

L.Rosasco, 9.520/6.7910



Remarks

f,(x) = /]Rdx]R v(w, b)o(w' x + b) dr(w, b) V.S. fu(x) = /]Rdx]R o(w'x + b) du(w, b).

» No "density” needed.

L.Rosasco, 9.520/6.7910



Remarks

f,(x) = /]Rdx]R v(w, b)o(w' x + b) dr(w, b) V.S. fu(x) = /]Rdx]R o(w'x + b) du(w, b).

» No "density” needed.

» Atomic measures and finite networks,

m

‘LL = Z Vj(S(WjT,bj) — fl"(X) = Z \/J'O'(VVJ-TX + bj)
Jj=1

j=1

L.Rosasco, 9.520/6.7910



Neural networks and feature maps

fo(x) = (, ®(x)) -

input space X

feature space L™ or Cy

L.Rosasco, 9.520/6.7910



Outline

Banach feature maps and RKBS
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Banach feature maps

Let (F,| - ||=) be a Banach space and

X = F

F* is called a Banach feature space and ® a Banach feature map °.

9Parameter space and feature space do not coincide! L.Rosasco, 9.520/6.7910



Banach feature maps and hyperplanes

Let (F,| - ||=) be a Banach space and

X = F

Consider functions of the form
f(x) = (v, d(x)), v e F,

where (-, -) denotes the duality pairing between F and F*.

L.Rosasco, 9.520/6.7910



Feature maps, hyperplanes and norms

f(x) = (v, d(x)), veF.

Define the norm
1flls = inf { Ivi5 | F00) = (v, 0(x), vx e x}.

L.Rosasco, 9.520/6.7910



Banach space of hyperplanes

It can be proved that the space B of functions
f(x) = (v, d(x)), veF"

with norm

1£ls = inf { Vil | F(x) = (v, ®(x), ¥x € X}

is a Banach space.

L.Rosasco, 9.520/6.7910



RKBS and evaluation functionals

The space (B, || - ||g) is such that for all f € Band x € X

[F() < Gllf lls-
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RKBS and evaluation functionals

The space (B, ] - ||) is such that for all f € Band x € X

[F() < Gllf lls-

A Banach space of functions with the above property is called a Reproducing Kernel Banach
Space (RKBS).

L.Rosasco, 9.520/6.7910



Banach feature maps and RKBS

Banach feature map

RKBS
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Banach feature maps and RKBS

Banach feature map

RKBS
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RKBS and evaluation functionals

The space (B, || - ||g) is such that for all f € B and x € X

1f()| < Gl |ls-
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RKBS and evaluation functionals

The space (B, || - ||g) is such that for all f € B and x € X

1f()| < Gl |ls-

For each x € X, evaluation functionals f — f(x) are linear and continuous.
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RKBS and evaluation functionals

The space (B, || - ||g) is such that for all f € B and x € X

1f()| < Gl |ls-

For each x € X, evaluation functionals f — f(x) are linear and continuous.

Then, for each x € X, there exists d, € B* such that
f(x) = <6X’ f>>

(by the definition of the duality pairing).

L.Rosasco, 9.520/6.7910



RKBS and Banach feature maps

Each RKBS B can have multiple associated feature maps.
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RKBS and Banach feature maps

Each RKBS B can have multiple associated feature maps.
» Canonical feature map:

]:*:B*, ¢(X):6X7 XEX,

where 0, € B* is the evaluation functional.
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RKBS and Banach feature maps

Each RKBS B can have multiple associated feature maps.
» Canonical feature map:
F* =B d(x) =6y, x€X,

where 0, € B* is the evaluation functional.

» Alternative feature maps can be constructed in specific examples.

L.Rosasco, 9.520/6.7910



RKBS and Banach feature maps

Banach feature map

RKBS

L.Rosasco, 9.520/6.7910



RKBS and Banach feature maps

Banach feature map

RKHS

L.Rosasco, 9.520/6.7910



What about kernels?

Banach feature map

RKBS Kernel?

\_/
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What about kernels?

Banach feature map

RKBS Kernel?

\_/

» In RKHS, H = H* and k(x, x") = (dx, dx')4, is symmetric and positive definite.
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What about kernels?

Banach feature map

RKBS Kernel?

\_/

» In RKHS, H = H* and k(x, x") = (dx, dx')4, is symmetric and positive definite.

» In RKBS, B # B* and k(x,x’) = (dx, d},) is in general neither symmetric nor positive
definite.

L.Rosasco, 9.520/6.7910



RKBS

There's no kernel in RKBS.
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RKBS

There's no kernel in RKBS.

Hence no "dual” view.
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RKBS

There's no kernel in RKBS.

Hence no "dual” view.

RKBS provide mathematical structure, one byproduct is a representer theorem.

L.Rosasco, 9.520/6.7910



RKBS

There's no kernel in RKBS.

Hence no "dual” view.

RKBS provide mathematical structure, one byproduct is a representer theorem.

Back to neural networks first.

L.Rosasco, 9.520/6.7910
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Integral RKBS
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[> RKHS

Consider an RKHS #H of functions of the form
f(x) = (u, d(x)) = / v(w, b) o(w'x + b) dr(w, b)
RIxR

with norm
11l = inf{ ||V||L2(]Rd><lR) ‘ f(x) = (u, ®(x)), Vx € /Y}-

L.Rosasco, 9.520/6.7910



L' RKBS

Consider an RKBS B; of functions of the form

f(x) = (u, P(x)) = /Rdx]R v(w, b) O‘(WTX + b) dr(w, b)

with norm
1115, = inf { IVilisquaxey | FO) = (1 @(x), vx € x ).

L.Rosasco, 9.520/6.7910



TV RKBS

Consider an RKBS B of functions of the form

Fx) = (1. 0(x)) = / oW+ b du(w. )

with norm
£l = inf { lallry | F(x) = (0, 0(0)), ¥x € X},

L.Rosasco, 9.520/6.7910
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Representer theorem
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TV RKBS

Consider a TV RKBS of functions of the form
00 = (000 = [ owTx+ b)du(w.b).
R9I xR

with norm
£l = inf { lallry | F(x) = (0, 0(0)), ¥x € X},

L.Rosasco, 9.520/6.7910



Representer theorem in RKBS

Let B be the ReLU TV RKBS and £(y, -) convex and coercive for all y € R. Consider the
regularized ERM problem,

n

1
min — ;f(yi, f(xi)) + Allflls-

L.Rosasco, 9.520/6.7910



Representer theorem in RKBS

Let B be the ReLU TV RKBS and £(y, -) convex and coercive for all y € R. Consider the
regularized ERM problem,

n

1
min — ;f(yi, f(xi)) + Allflls-

A minimizer of the above functional has the form

fo(x) :ZVJ’O'(WJ-TXerj), m < n.
j=1

L.Rosasco, 9.520/6.7910



What'’s the value of this representer theorem?
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What's the value of this representer theorem?

» Unlike the one for RKHS, it does not provides computational insights.
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What's the value of this representer theorem?

» Unlike the one for RKHS, it does not provides computational insights.

> |t shows that finite networks of width m are optimal when learning with ERM.
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What's the value of this representer theorem?

» Unlike the one for RKHS, it does not provides computational insights.

> |t shows that finite networks of width m are optimal when learning with ERM.

> It suggests that TV RKBS norm is the inductive bias for finite networks.

L.Rosasco, 9.520/6.7910



Equivalent norms

257 Uy, F(x)) + AIF 76,,f, AR(6
;nelgnz yi, f(xi)) + Allflls - < min Z yis fo(xi)) + A R(6).
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Equivalent norms

n

1 I
;ggggf(yi,f(x;)Hlells = %’8;§£(yi’f‘9(xi))+>"q(9)'

For ReLU the following regularization are equivalent:
> (2 weight decay

m

R(O) =D _(1vl* + llwl|* + |6517)

Jj=1
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Equivalent norms

n

1 I
;ggggf(yi,f(x;)Hlells = %’8;§£(yi’f‘9(xi))+>"q(9)'

For ReLU the following regularization are equivalent:
> (2 weight decay

m

R(O) =D _(1vl* + llwl|* + |6517)

j=1
» Path norm

R(O) = |vil wjll Ibsl-
j=1
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Equivalent norms

n

feB n 4

1 1
min = " U(yi, f(x)) + Allflls < fr)nelggzlﬁ(y,-,ﬁg(x,-))Jr)\R(G).

i=1
For ReLU the following regularization are equivalent:
> (2 weight decay

m

R(O) =D _(1vl* + llwl|* + |6517)

j=1
» Path norm

R(O) = |vil wjll Ibsl-
j=1

» (! with normalized hidden weights,

m

RO)=Y vl lwll=11p=1 j=1,..

j=t

L.Rosasco, 9.520/6.7910
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RKBS norms and inductive bias
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Norm characterization for ReLU
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Norm characterization for ReLU

For ReLU, the RKBS norm can be characterized using the Radon transform

Ifllg = [IDTR fll1y -
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Norm characterization for ReLU

For ReLU, the RKBS norm can be characterized using the Radon transform

Ifllg = [IDTR fll1y -

» D is the Laplacian on b.
» T a suitable truncation operator.
» R the Radon transform,

(Rf)(w, b) —/{ P f(x)do(x).
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Some intuitions

Analysis
b 0= [Tkt bldu(w.b)
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Some intuitions

Analysis
TR fu(x):/|w—'—x+b|+d,u(w,b)

Synthesis
f — u=DTRf
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Some intuitions (cont.)

Norm induces sparse measures

Ifllz ~ IDTRf |1y -
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Barron spaces & universality

HcCB CB.
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» 7 =~ Sobolev spaces, already universal.
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Barron spaces & universality

HcCB CB.

» 7 =~ Sobolev spaces, already universal.

» I3 related to so called Barron spaces.

» 3 spaces contain more. ..
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Multi-index models

f(x) =g(Bx), BeR k«d.
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Summing up

Infinite width neural networks can be associated with RKBS: more complex mathematical
structure!

No kernels... but linear normed spaces and an interesting representer theorem nonetheless.

RKBS norm characterizations can give insight into inductive bias.

Universality can be established.

Few recent extensions for deep networks.
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Summing up (cont.)

» This theory suggests a gap between kernel and neural networks.

> It suggests neural networks can adapt to learn function beyond Sobolev spaces.

» It does not address the compositional structure which is (probably) the key behind the
success of convolutional networks/transformers!
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