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Working hypothesis in ongoing research:
Key principle in ML architectures: (compositional) sparsity

The thesis of this course — Its conceptual backbone —
s that compositional sparsity i1s key In ML. The idea that
sparsity Is fundamental Is new — It IS a conjecture
which may pbe wrong. We saw the key role of It first In

approximation theory, then in generalization. VWhat about
optimization?



Sparsity and Generalization

o Sparsity In the weight matrices implies generalization
bounds that are order of magnitude better than for deep

networks with dense matrices, see class 22 and 21 @Galanti, xu,
Galanti, Poggio, Neurolps 2023)

e [hus sparsity seems to be a key principle for
approximation and for generalization
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Optimization

Optimization: fitting parameters of the neural network, that approximates the
unknown function,
using data. This is also called training.

We do not have a “complete”/coherent theory as yet:
today class will consist of several, not well integrated parts!



Optimization by SGD

Rectified linear unit (RelLU)

argmin ZE(zi, f(xiiw)) = L(w) : S5 ey
W .
1

One Iteration of gradient descent:
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A motivation for our ongoing work:
what is the role of sparse compositionally in DNNs optimization®

Approximation deals mostly with existence results: there exist sparse
networks that can approximate any function without curse of dimensionality.

The next obvious question: under which conditions can optimization —in
particular SGD — learn these sparse networks”?

t is clearly impossible always to learn the underlying function (think about a
training sets of random names and random telephone numlbers).

The guiding conjecture in our ongoing work — also In this class — Is that
sparse compositionally is important not only for approximation but also for
optimization (remember the non-exponential requirement on the parameters)



An important hint from compositional sparsity

...tThe key step In optimization is “selecting” the compositionally ‘sparse
decomposition which always exists but is never _unigue... as in

F=fiofyolfyofyofix=gofiofyofix="..

We expect different architectures and different optimization algorithms
to bias the choice of the decomposition — for instance, the number of
layers — and units in each layer — affects the number of constituent

functions.

Non-uniqueness of the decomposition IS a key
problem in understanding learning with deep networks.

#—> <HD) —> | <KD -
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1.Loss landscape

2.Intuition about SGD convergence to global, degenerate minima
3.Dynamics of Optimization/training under the square loss
4.Gradient Descent and SGD

5.Low-rank bias and SGD noise

6.Neural Collapse
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GD optimization induces a gradient dynamical system

N
° 2 |
n
Square loss
](‘
: l,] g
Deep network with RELUs W Z Y =/ W”

Commonly used is cross-entropy




L oss landscape

et g(w) be the function given by the neural net with W parameters (and smooth
RELU). Let the loss function used in training be

N
LW) = ) (g(x,) = y,)’

Theorem (Y. Cooper, 2018). In the setting above, the global minimum of L is

generically (that is, possibly after an arbitrarily small change to the data set)
equal to 0, and the set of global minima M is a nonempty smooth W — N

dimensional submanifold of QQW(N 'S the number of training data).




Loss landscape

N
LW) = ) (g(x,) = 3,)’

Theorem (Nguyen) For the class of deep overparameterized neural nets (where the
first hidden layer has twice more neurons than the number of training samples) all of
ts global minima are connected within a unique and potentially very large global
valley.




Landscape of the loss (1 = 0)

Thisisfor A = (




Landscape theorems (informal)

Theorem (Cooper)
We assume an overparametrized deep network g with smooth RELU activation functions anad

square loss. Then the minimizers W* achieve zero loss and are highly degenerate with dimensiond — N

Theorem (Nguyén)
If the first layer of the network has at least 2N neurons, where N is the number of training data
If the number of neurons in each sulbsequent layer decreases, then every sublevel set of the loss Is

dlnC
CcOn

nected.

Theorem+conjecture (N. Bottman, Y. Cooper, A. Lerario)
L denote the L2 loss function for a feedforward neural network. For a multiplicative regularizer, if the

depth £ of the neural network is greater than or equal to 4, not only does L. =L+ Ap fail to be Morse,

| et

out |
conjecture Is that the loss functio

t has a positive-dimensional

OCUS O

- degenerate critical points. For additive regularizers the

N 1S Mo
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Replacing RELUs with univariate polynomial: the network becomes a
polynomial of high degree in its input variables and in the weights

g(Wi;x) = (Wio(W;_---6(Wx))) = W, ---p(Wx)

where p(z) is a univariate polynomial in z



RELU can be approximated (empirical result) by an univariate polynomial
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Some intuitions from “soft algebraic geometry™:
Bezout and critical points of polynomial g

Consider

gx)—y.=0vVi=1,---)N N equations in W unknowns with W > > N
N

Vi D (8(x) = y)* =0 W equations in W unknowns
i

Bezout theorem. Global minima are degenerate.

Conjecture: Other critical points of the gradient are less degenerate



SGDL: a version of Langevin equation
(to be technically correct we add tiny amount of “white noise” to GD or SGD)

d
% nVw<£ +dB(t) where V& is the full gradient

dt

the Boltzman equation is the asymptotic solution of the SDE above

1 =«

P N —e
(&) ~




SGDL and SGD: intuition summary

e QOver-parametrized deep networks have mar
erate; other crit

that are generically degenr

gradient are generically isolat

Y9

ed.

Ica

obal minimizers
points of the

e SGDL concentrates with high probability on large volume
(degenerate) minima which are zero-minimizers.
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Deep Networks

We assume a deep network with L layers with the usual coordinate-wise scalar

activation functions o(z) : R — R as the set of functions
gW;x) = (Wo(W,_y---0(W;x)))

where the input iIs x &€ Rd, the weights are given by the matrices W,, one per layer,
with matching dimensions. No bias terms: the bias is instantiated in

the Input layer by one of the input dimensions being a constant. The

activation nonlinearity is a ReLU, given by o(x) = x, = max(0,x).



Assumptions in this model

Simplifying assumptions in the first stage of analysis:

e Scalar output of the network f(x); binary classification to measure error;

e Gradient Flow (learning rate is infinitesimally small), not discrete Gradient
Descent nor SGD:

e Normalization of the weights Iis modeled with a Lagrange multiplier; this Is

equivalent to Weight Normalization (with is similar but not identical to Batch
Normalization).

e Overparametrization: zero-loss (interpolation) is achieved.

Weight normalization: A simple reparameterization to accelerate training of deep neural networks
Tim Salimans and Diederik P. Kingm in Advances in Neural Information Processing Systems}, 2016



o \Vithout regularization there are global minima wi
interpolating solutions (in general degenerate). Al
solutions of the regression problem, correspondi

Square loss classification, overparametrization

e Empirically square loss works well for classification (L. Hui and M.

L
L =) (gx)—y)% y==%I1

expected classification performance.

e [N Oth

classif

ication on a test set. When car

have a large margin and good classif

er words, zero square loss does not imply by itself neither la

utions are optimal
ns and to different

Belkin, 2020)

th zero square loss, thus corresponding to
the interpolating so
ng to different marg

‘ge margin nor good

we expect the solutions of tr

ication?

e regressior

problem to



Loss function

Consider the loss function

L L—1 L
Z =2, 86) =3+ 2 u IWl P =D+ ) [IWl [
n k=1 k=1

under the constraint | | W, | “=1.




Reparametrization

We reparametrize fy;(x) in terms of normalized weight

Wi

| Wil
defining p, = ||W,|| and obtaining

matrices V, =

Jw(x) = p Vo (IOL—1° .o (pVix).. ) = pfy(x).

Because of homogeneity of the RelLU it is possible to pull

out the product of the layer norms as p = H p.- Notice
k

that the two networks -- gy(x) and pfy(x) -- are
equivalent reparameterizations of the same function. We

define f, := fy(x,).

_—
—

o —>| <




Gradient flow dynamics

(e
>
~—

JQ

> | >~

|1 <
<

= =20 ) p(f) = D fuval = 2p
\) \)

0f
8 Vk M

_—
S

Vi =2p 2 [(of = Y)WVt

(O — <=0
«—| <) — | <D -

fx)=Vio(V;_y--0(Vix) =V, D, _(x)V;_;--D{(x)Vx

g(x) = pf(x)  pis the product of the Frobenius norms of the weight matrices



Assume regularization

We know that

N L
2 2
L= (80e) =)+ X Allpl
n k=1
implies isolated minima but we know that
N L
2 2
Z =), 8x) =) +2 ) 1pl]
n k=1
may not (it does not In linear case , may In the nonlinear case). Is this also true for

N
L =) (8x,) =y > + AL 1]

?



How to derive it

== = 2 S = ), - 2
P = ap o N - Pln)n P
. oL 2 __ of,
V, = = — I — 2U,V, .
k VN Zn:( PIP oy,
. of .. of(x)
and since VkT V., = 0, using the property f .V]i’] = VkT / = f(x)
= JV” oV,
L]
| _ 5 0 1 _
ik = N Z fy— P71y = N Z pf,(1 = pf,) which, once substituted, gives the previous equations
o,

p==20 p(f2 =Y fyl = 24p Ve=2p Z (fy = Vifa = 00)]




Margins converging to average margin (¢ — 0)

VYnfn OVer 1000 iterations p over 1000 iterations

Iterations = 1000
Init. = 0.1
Iteration
Yn/n

Histogram of y, f,, over 1000 training epochs

B0

‘g \ P
1 ' Epochs = 1000

- . Init. = 0.1




More in Appendix
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GD and SGD (minibatch size 1) for interpolating regressors

We distinguish two sets of solutionto VL =V } £2=0with?, = gx)—y,
e solutions of V&, = 0, Vi

e solutions of Zn (v, — g(x,)) Vg(x,) = 0 that are not solutions of V£, = 0, Vi

These two sets of solutions are critical points for GD; only the first ones are critical
points for SGD. SGD is less likely to get stuck in critical points that are not global minima
than GD. Furthermore, at global minima SGD converges to solutions that satisfy

gx)=y. and V¢, =0 Vi



See appendix for details on SGD
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SGD: intrinsic noise and low rank

At convergence (zero square loss) with SGD mini batch of size 1

af(x,)
0=0U-V,VHe(x ~—, Vn
( V)t (x,) oV,
which implies
af(x,)
=V f(x), Vn.
oV, S,

p==20) p(f,P = Y fiyul —24p

. 0
Vi =2p ) [pfy = v )i, a{;‘k)]




Low-rank bias and SGD noise

Lemma At SGD “convergence” definedas p =0, V,=0, VS whereS isaminibatch

of size 1 and A > 0), the matrices V) should have rank 1 (if the the network g(x) has scalar
output) .

The lemma follows assuming that Vk 0 for all minibatches at convergence. Since

of,

O then
oV, )7

Vi = ZPZ [(0fy = Y

of,

, Vk=1,--,L, Vn
oV,

kan —



Constraint equations

To see this consider

fx) = Vo (VL_I---O- (le)> — f(xj> —V.D,_, (xj) V, eV, Dy (xj) VoD, (xj) Vix,
Call V,D; _{(x)V;_;+++ V. D(x) = a’and D,_,(x)V,_,D,_»(x)---D;(x)V;x = b.

Then f(x) = aTka and

af T afn - I - - i
=ab’.ThenV, f = yields V. f = ab” thatis V is a rank one matrix.
oV, oV,
Furthermore

T .
ka — [VLDL—I(’X:) VL—] e Vk+1Dk(x)] Dk—l(’x) Vk_le_z(X) °° ‘DI(X) le that 1S



Convergence across layers: here is intertwining of SGD noise, rank
minimization, minimum p and generalization, Neural Collapse,

2 2 of,

., _ 2P
)= = =1 ) P = D vl = 24 Vi = [y = Y (Vi = =0)]
p=-7 [nEB p(f) nEBfnyn] p k= ,%:9 kIn = Gy

e Initially there is large error (pf, — y,) driving V, to change; at the same time there is rank reduction by SGD
(rank reduction is limited by approximation error becoming bad if rank is too small).

e At convergence at the top layer there is quasi-interpolation, that is (pf,, —y,,) < € > 0 implying in all layers

. 2pe€ af,
VoI < Vi1, ;
IVill <=1l ), (i, v
neBb
Jaf, .
, Assume that at some layer k = k*, the term | Z (V] pr )| is small. Then ||V, || is close to zero, V.
k

neb
has small rank (less than B) but not too small (otherwise error (pf,, — v, increases too much).



Predictions

e Fuctuations In fn during training should be minimal for 4 = 0 -- just due to the finite learning rate of gradient
descent -- and increase for increasing A . Separately, i (average margin) should increase with increasing 4 because

u=M+Ap.

e According to our equations there should be no SGD specific noise (t

equal to the training dataset size -- that w

nat is ||V, || & 0) when the minibatch size is

nen SGD becomes GD -- ano

no dependence of these fluctuations on A.

e According to our equations the size of V, depends on 4, because A ensures (1 — pf,) > 0. It should be minimal at
the top layer, assuming that the top layer is close to converging to Neural Collapse, since the rank of the top layer is

small.

e |n the case of exponential-type loss functions such as the logistic loss, the presence of the SGD-specific noise is

expected even when A = 0, because of

A 0
n aWk,



SGD noise
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SGD noise in Margins

= Margin distributions over all training data trained with SGD, square loss, different weight decay parameters (i)

Six-layer model (4 Conv + 2FC), CIFAR10, ~- k. &= 128 n=0.03.

“Zoomed-in view” of small 1 cases

4.0 ?‘104 : 4 o X10°
: : — A=0. — A = 0.
351 | A = 0.000001 3.5- 1 = 0.000001
304! i —— A =0.00001 io. —— A =0.00001
Rt : m— A = 0.00005 ' — A = 0.00005
> 2.5 : | - A =0.00008 = 2.5- — A = 0.00008
c | i — A = 0.0001 = —— A =0.0001
@ 50! i A = 0.0005 20
o | : —— A =0.001 3
=159, —— ) = 0.005 w1
1.o-§ i A=0.01 1.0 -
' ;
0.5 1 : 0.5
0.0 HERY A S — 0.0
1 > 3 4 5 6 ; 02 03 04 05 06 07 08 09 10
Margin  f =y f X107 Margin x10

< As predicted, the variance of the fluctuations is small with 4 = O and grows with increasing 4.

Xu M., Galanti, T. and Poggio, T., Intrinsic fluctuations of SGD, submitted to NeurlPS, May 2023



Predictions

e Fuctuations In fn during training should be minimal for 4 = 0 -- just due to the finite learning rate of gradient
descent -- and increase for increasing A . Separately, i (average margin) should increase with increasing 4 because

u=M+Ap.

e According to our equations there should be no SGD specific noise (t

equal to the training dataset size -- that w

nat is ||V, || & 0) when the minibatch size is
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no dependence of these fluctuations on A.

e According to our equations the size of V, depends on 4, because A ensures (1 — pf,) > 0. It should be minimal at
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expected even when A = 0, because of

A 0
n aWk,



Margins converging to average margin (¢ — 0)

VYnfn OVer 1000 iterations p over 1000 iterations

Iterations = 1000
Init. = 0.1
Iteration
Yn/n

Histogram of y, f,, over 1000 training epochs
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SGD noise in Margins (exponential loss vs. square loss)

cross-entropy loss square loss
X102 X104
5 4.0
—_— ) = 0. —_— ) = 0.
A = 0.000001 3.5- A = 0.000001
4 - — A =0.00001 2 0- = A =0.00001
— ) = 0.0001 ' — ) = 0.0001
> . — ) = 0.001 o 25 - — ) = 0.001
@) @)
C C
S g2
o o
E 27 E1
1.0 -
1_
0.5-
O | OO I
—-0.5 0.0 0.5 1.0 1.5 2.0 25 3.0 0.5 1.0 1.5 2.0 2.5 3.0

Margin x1072 Margin x1073

* With cross-entropy loss, the presence of the SGD-specific noise is expected to be significant even when
A = 0, unlike the square loss case.

Xu M., Galanti, T. and Poggio, T., Intrinsic fluctuations of SGD, submitted to NeurIPS, May 2023



Predictions

e Fuctuations In fn during training should be minimal for 4 = 0 -- just due to the finite learning rate of gradient
descent -- and increase for increasing A . Separately, i (average margin) should increase with increasing 4 because

u=M+Ap.

e According to our equations there should be no SGD specific noise (t

equal to the training dataset size -- that w
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no dependence of these fluctuations on A.

e According to our equations the size of V, depends on 4, because A ensures (1 — pf,) > 0. It should be minimal at
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e |n the case of exponential-type loss functions such as the logistic loss, the presence of the SGD-specific noise is

expected even when A = 0, because of

A 0
n aWk,



Intrinsic fluctuations of SGD

All gradient descent methods try to converge to points in the parameter space that has zero or small

gradient, j.e., try to minimize v,i. v ey iteratively, over different minibatches (batch size is B).

) 2 — r r ()—n -
Vkﬁ — _pz (1 o pfn) (_W’frz | O‘J;A)

_w—/
: error

Our results in the following slide suggest that the fluctuations are due to a specific SGD dynamics,

arising from a tradeoff between minimizing the error and minimizing the rank. The dynarr

be described as switching between slightly different V), each one trying to fit just one mir

ICS can also
| batch.



|| Vil

SGD noise in weight matrices (V,)

A Layer-wise ||V, ||(Vk € [L]) in logarithmic scale by 10 different A at convergence. The SGD
noise across layers, as measured by || V.||, is small when A is set to 0 or 1e-06. An increase of A

from 1e-05 to 0.01 generates larger fluctuations, especially for the first four convolution layers. The

last two fully connected layers tend to consist of low-rank matrices, corresponding to smaller || Vk .
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N e u ra I C O I I a ps e (Papyan, Han, Donoho, PNAS, 2020)

e (NC1) Cross-example within-class variability of last-layer training activations collapses to
zero, eg. all margins f(x,) converge to the same value within a very small error < 1%

e (NC2) The class means collapse to the vertices of a simplex equiangular tight frame (ETF)

e (NC3) Up to rescaling, the last-layer classifiers collapse to the class means or in other

words, to the simplex ETF (i
proportional to the classifier weights

e (NC4) For a given ac

class has the closest -

ralr

ler decisl

e., ther

on collapses to simply choosi

earest class center decision r

.e., 1o a self-dual configuration), eg the last layer activations are

\

vation, the classr
class mean (|

g whichever
e).



Prevalence of neural collapse during the terminal
phase of deep learning training

Vardan Papyan®'(, X. Y. Han®' (%, and David L. Donoho®?

PNAS, 2020

MNIST FashionMNIST SVHN CIFARID CIFARIDD STL1D ImageNel




Constraint equations for D, = I, Vk > k*

e The constraint equations will be satisfied if V,,k > k* are projection matrices

e Thisimplies V), Vk > k™ show NC

e \We can prove (because SGD with B < NV is “equivalent to SGD with mini batch 1; or Tomer which is the same)
that for kK > k™ once there is NC there will be NC (and appropriate gates are open);

e [his cannot go too far down layers because at some point the interpolation error will be too large (you need a
few layers to approximate a compositional function)!

e There are a few PROJECTs here




Neural Collapse: other predictions/conjectures

e SGD Is required for NC1 for crossentropy; for the square loss NC1 is expected not
only for SGD but also for GD;

o \Neight decay is needed to yield neural collapse (NC1 to NC4) for square loss but not
for cross entropy;

e NC1 to NC4 should take place for any interpolating solutions (in the square loss
case), including solutions that do not have the minimum p.

e This means that NC is not directly related to generalization.



Neural Collapse for binary classification is predicted from our analysis

Qf(xi,c)
v,
follows that h' (x; .) = V. f. at convergence.

9,
oV,

The key observation is that /; . = . Then since V, f. = — at convergence it

e (NC1) Observe that V; . does not depend on i implying that the standard deviation of
h; . wrt I converges to zero;

e (NC2) In the binary case h+1 — VE and h_; = — Vg. Thus p; = V! and
1, = — V' This is a special case of NC2;

e (NC3) since h(x;.) = V; f.and f.is a number, at convergence h is proportional to
v/

e (NC4)is implied by NC1 and NC2 (Papyan et al., 2020).
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Neural network architectures:

dense, convolutional and residual architectures



Dense architecture
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Sparse (“convolutional” is standard term) architecture

N

dot product

N/
/‘('/ ,

CXOXOXO.

X1 X X3 Xy Xg Xg X7 Xg ::D

kernel_size

OJOXOJOXOXOXOXOXO,



PN N 4
(S r

N T

(=1 S S,

T
e e

Ry
e a0

T
e 14

AT
e 7

ALt
e L

VGG 15

by o

+

Bk sirm, 4

v

Balaars A4
v

s 12

*

e 18

¥

oo, 13

+

Bl s TN

34 layer plain

v

e o

34 \ayer residual

) oaw, 356

A4

B e 1%

) w156

- 12

+

) o, Sak

ke L2

L

Madwwwn I, 9

100 Comy. 3

) e S5k

A4

Bal smw LS

oo, 12
Bl w800

2l w302

D) oew Sar

) e W02

ok 12

L o

ek sy, 0

S oo, 9

Ak s, 5

S oo M98

e T

Mlow, 2021

I oew, 2217

Bak w12

Y

alsme VW12

O comv 512

ke

o ooy 812

oo 512

A s 212

~y e

¥ ixa

Residual architecture

X

layer
F(x) identity

layer

x + F(x) ¥

Deep Residual Learning for Image Recognition

Kaiming He, Xiangyu Zhang, Shaoqing Ren, Jian Sun



https://arxiv.org/search/cs?searchtype=author&query=He%2C+K
https://arxiv.org/search/cs?searchtype=author&query=Zhang%2C+X
https://arxiv.org/search/cs?searchtype=author&query=Ren%2C+S
https://arxiv.org/search/cs?searchtype=author&query=Sun%2C+J
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ass of monotonic activation functions including GelLU, neural networks having a pyramidal
e (NO layer has more hidden units than the input dimension), produce necessarily connected

ions. This Imp

ies that a sufficiently wide hidden layer (at least > d + 1) is necessary to

K can produce disconnected decision regions.

Theorem(Nguyen et al., 2018) Let the width of the layers of the feedforward network network
satisfy d = ny > n; > ... > n;_jand let $o; : R — RS be a continuous, strictly monotonically

increasing function with 6,(R) = R for every layer 1 <[ < L — 1 and all the weight matrices
L—-1
(Wl)l—l have full rank. Then every decision region C] IS an open connected subset of | 4 for every

1 <j<m.

Remark:
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Nt Matrices Is necessary to get connected decision regions when the other
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L oss landscape

Theorem (Nguyen) Let the width of the layers of the feedforward network
network satisfyd =n, >n; > ... 2 n;_;andleto: R - R bea

continuous, strictly monotonically increasing function with 6(R) = R for
L—1
every layer | <[/ < L — 1 and all the weight matrices (Wl)l—l have full

rank. Then every decision region C} IS an open connected subset of R for
everyl < j < m.

oA general guiding principle for the construction of hidden layers in neural networks one should use, at least for the
first hidden layer, more units than the input dimension.

o|f the weight matrices of the hidden layers are not full rank while the other conditions are still satistied, then the
decision regions can be disconnected.

Neural Networks Should Be Wide Enough to Learn Disconnected Decision Regions

Quynh Nguyen Mahesh Chandra Mukkamala Matthias Hein
Proceedings of the 35 th International Conference on Machine, Learning, Stockholm, Sweden, PMLR 80, 2018.
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Wing architecture




Open question:
can GD learn the relevant hierarchical architecture?

We have shown that hierarchical networks can avoid the curse of

dimensionality for functions with a compositional representation. This Is
exponentially better than shallow networks.

But...can a dense network learn a target function Is hierarchical

compositional? This Is strictly outside approximation theory, involves
learning/optimization

Let us look at learning sparsity in the linear case

W(t + 1) — W(t) = — 2— (W) — W*) XX = 2pAW(1)



SGD vs GD: linear regression

Theorem Consider the linear regression problem WX = Y. Assume that W € R" is found by SGD
with minibatch of size B or by GD, both with learning rate n and regularization parameter A. Assume

overparametrization, that is the data matrix is X & R%N with d > N. Let it be the projection on the
span of the data (the columns of X), Wl = Wr the weight matrix restricted to the data span, and

W+ = W(I — r) the weight matrix W restricted to the null space of X, so thatW = W+ WL, Then
for each epoch assuming minibatches of size 1

-if W at initialization is the zero matrix both SGD and GD will converge to the same regularized
solution;

- if W at initialization is a non-zero matrix, such as a random matrix, SGD and GD will also converge
to the regularized solution. However, the convergence per epoch of SW$ (that is, components of %
that are in the null space of XX') to zero is much faster for SGD than GD. The decrease is (1 — #1)"
for SGD and (1 — »A) for GD.



Can SGD learn
the relevant hierarchical architecture?

't turns out that in general a CNN architecture “cannot” be
learned by a dense network from examples at least for

o . . » classification.

A recent theorem (Malach and Shalev-Schwartz, 2021)
shows a class of problems that can be efficiently solved
using convolutional networks trained with gradient-descent;

> the class of problems is computationally hard to learn using
O .0 a polynomial-size fully-connected network. Another one
o O o O (Arora) shows results for sample complexity in similar
situation.
0,0 0:00,0 0:0 Eran Malach and Shai Shalev{-Shwartz},
Computational Separation Between Convolutional and Fully-Connected
‘xl ‘x2 ,.\‘.3 ,\’4 xs ,.\‘.6 .,-\'7 _XS Networks} 2020

Why Are Convolutional Nets More Sample-Efficient than Fully-Connected Nets?},
author={Zhiyuan Li and Yi Zhang and Sanjeev Arora},
year={2021}
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ha(hi1, h12) = \/4h11 + 5hq2

hi1 (21, 22) = (221 + 322)* hia(x3,x4) = (223 4 324)"

X, X, X3 X,
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Int. J. Autom. Comput. 14, 503-519 (2017). https://doi.org/10.1007/s11633-017-1054-2
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st error

Sparse (compositional) functions

fx) = 2(2c0sx) -1)>-1

Number of units Number of parameters Bound on VC dimension

Mhaskar, Poggio, Liao, 2016



Function and Network architectures

ha(z,y) = 1.34/1.22 + 1.3y

. e ho(z,y) = 0.6(1.1z + 1.9y)3

£ 2 22 hy(z,y) =0.7(z + 2y)°

X, X, X3 X, Xs X, X, Xg

Poggio, T., Mhaskar, H., Rosasco, L. et al. Why and when can deep-but not shallow-networks avoid the curse of dimensionality: A review.
Int. J. Autom. Comput. 14, 503-519 (2017). https://doi.org/10.1007/s11633-017-1054-2



Subgraph #4

X, X, X3 X, Xs X X, Xg

b B3Ry K N K7 Rg

Poggio, T., Mhaskar, H., Rosasco, L. et al. Why and when can deep-but not shallow-networks avoid the curse of dimensionality: A review.
Int. J. Autom. Comput. 14, 503-519 (2017). https://doi.org/10.1007/s11633-017-1054-2



Subgraph #5

X, X, X3 X, Xs X X, Xg

Poggio, T., Mhaskar, H., Rosasco, L. et al. Why and when can deep-but not shallow-networks avoid the curse of dimensionality: A review.
Int. J. Autom. Comput. 14, 503-519 (2017). https://doi.org/10.1007/s11633-017-1054-2



When the function is a subgraph of the Network
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squared error (12 loss)

Learning a shallow function

Train errors for Shallow Neural Net (NN) —

Train errors for Binary Tree (BT) Neural Net
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Boolean functions: the staircase property

Definition 1.1. A function g : {—1,1}" — R satisfies the [M,, M,|-staircase property over the
unbiased binary hypercube if:

» forall S C [n], if g(S) # 0then |§(S)| € [My, Ms].

e forall S C [n], if g(S) # 0and |S| > 2, there is S" C S such that |S \ 5’| = 1 and
§(S") # 0.

Furthermore, g is said to be an s-sparse polynomial if |{S : g(S) # 0}| < s.

The staircase property:

Example How hierarchical structure can guide deep learning

Sk(z) =21 + 2122 + 12223 + 21222324 + - -+ + X1:k -

Emmanuel Abbe Enric Boix-Adsera  Matthew Brennan Guy Bresler
EPFL MIT MIT MIT
emmanuel . abbe@epfl.ch eboix@mit.edu guy@mit.edu

Dheeraj Nagaraj
MIT
dheeraj@mit.edu



Decision trees can be staircase

In a smoothed complexity setting, where the input distribution is drawn from the
biased binary hypercube, and the bias of each variable is randomly chosen, the
class of log(n)-depth decision trees satisfies the general staircase structure.

This is because Lemma 3 in [37] implies that with high probability there is a
poly(n= )-sparse polynomial that -approximates the decision tree and satisfies the
staircase property over the biased binary hypercube. Thus, the extension of our

result to the case of biased binary inputs would imply that reqular neural networks
learn decision trees in the smoothed complexity model.



The staircase property of polynomials

Lemmas
e [he composition of staircase functions is staircase

e Consider a DAG with first layer constituent functions being staircase. Then the
compositional function associated with the DAQG is staircase

e A sparse polynomial has a sparse compositional representation



Target function

Assume that the target function is staircase



Approximating network

If a network has an activation function containing 1 + z + z” all the polynomials
generated by the network are staircase and thus the network is equivalent to the

sum of the networks on the left with
the property that each quadratic term
contains at least one of the linear
terms and so on to guarantee that the
overall function generated by the

¢
E network Is staircase.
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Approximating network

If a residual network has an activation function containing the polynomials
generated by the network are staircase even without restrictions on the activity
function
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SGD on staircase network: conjecture

SGD first fits the linear terms (using support selection theorem (SST) on the linear
network of the figure). The associated weights in the first layer remain non-zero even in
the presence of regularization. Thus nonzero second order monomials will be
oreserved in the second layer; some of them will be pruned out (use the SST on the
order 2 terms after the first activation layer). The same will happen after the secomﬁd
activation layer wrt monomials of order 3 and 4



End-to-end learning vs autoregressive framework

Suppose f = g ° g ** ° &,

Two learning frameworks:

e | have training sets for each g, that is x;, y,, where g.(x;) = y; (autoregressive framework, see
classes on transformers, especially Malach’s)

e | have a training set for f that consists of (x;, y;) where f(x;) = y; (standard supervised
framework/end-to-end)




Remarks

The conjecture in guiding future work is that useful learning algorithms (that learn
well)  exploit sparsity. A case Iin point is staircase functions. Another one Is
decision trees which can be approximated by sparse Boolean functions, where
the number of Fourier coefficients is polynomial in the size of the tree. Notice that

every Boolean function of n variables can be represented by a tree of < 2"
nodes and of depth < n.

Claim 5.3 (Mansour, 1994) Let 1 be a decision tree with m nodes. There exists a
sparse function h such that all the Fourier coefficients of h on sets larger than t
are 0, where t = logml/e, and E [(T — h)z] <e
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