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Part 0

Recap from last class: that was preliminaries.



• We have data coming in real life: 


• We need to find the neural network    
that has the right output .


• A measure of the Error 
.

X ∼ P

fθ(X)
φ(X)

distance( ϕ( . ), fθ( . ))

SET THE PLAN

They exist.  
 

Can we find them?

Idea 1: Set by hand the parameters 
             such that it works.



WE CALL THIS TRAINING

Our new Goal: 
1. Sample some dataset 

 


2. See if we can adapt   to 
 on .

𝒟 = {(Xi, φ(Xi))}n
i=1

fθ( . )
φ( . ) 𝒟

How can we do it?


• Solving a non-linear 
system: 
 

fθ(X1) = φ(X1)
fθ(X2) = φ(X2)
⋮

fθ(Xn) = φ(Xn)• High dim solution? No solution? 
• How do you find it computationally?
The good algorithms to solve (non-linear) 

systems are minimizations.



Message 1

We have:

• A dataset.

• Some compute.

Training means 
using those to get a 

model



LEARNABILITY VS OPTIMIZATION

Do we have enough 
samples?

In case, does the  
training routine find it 
within the compute?

We have:

• A dataset.

• Some compute 

(Memory + number of 
computations constraint).

Learnability

Optimization



• The dimensionality  of the problem  
is very high, e.g. 1.7 trillion for GPT-4. 

• We have many  data points  and the 
loss is an average over them: 

 

N (θ ∈ ℝN)

n x ∈ 𝒟

1
n ∑

x∈D

L(θ, x)

⟹

⟹

Gradient-based 
θk+1 = θk − η∇L(θk)

Mini-batch methods

We work with: 
(for both learnability and compute) 

Mini-batch Gradient Methods

COMPUTE / MEMORY



• The cost of a gradient (with back-prop) is forward pass  
 a gradient step is forward pass.


• Zeroth order methods have  forward passes.





• The accuracy after  compute is:


       vs     .

≈ 2 ×
⟹ ≈ 3 ×

≈ 2m

g =
1
m

m

∑
i=1

L(θ + σui) − L(θ − σui)
2σ

ui .

T × forward pass

dimension
T

1
T

ZEROTH ORDER METHODS

We will do gradients!



REGIME 2

• Not enough exact data! 
• Enough compute

We want a model that:

• Can fit them all.

• It’s the simplest such model.

A training pipeline which 
goes to the best global 

minima.



REGIME 3

• Enough exact data (all of them!) 
• Not enough compute!

We want a model that:

• (Just) can fit them all.

A training pipeline that allows 
it within my compute!



• Gradient-Based Methods


‣ Rules for the step


‣ In practice


• Initialization


• Scaling up

CONTENTS



Infinitesimally, to go down optimally we follow the gradient:


{
θ0 = initialization
dθt

dt = − ∇L(θt)

THIS CLASS

How to pick initialization? What is the optimal discrete 
step size version of this?



• Gradient-Based Methods 

‣ Choosing Step Size 

‣ In practice


• Initialization


• Scaling up

GRADIENT-BASED 
METHODS

Pictures partly taken by Orvieto (2025)

https://drive.google.com/drive/folders/1qQuva2RaluWvKSZ6a2n6YgKsI9OEie5A


• Gradient is an infinitesimal thing.


• Gradient descent is a local but not infinitesimal.


• There is a gap there. How should we treat it, what should the size of the step be and 
depend on?


• Is there a more general framework for gradient-based methods?


• All is about deciding how to pick the step size!

CONNECTING FINITE TO INFINITESIMAL



• Infinitesimally, the optimal way to go down is by following the gradient:


{
θ0 = initialization
dθt

dt = − ∇L(θt)

GRADIENT DESCENT

How do you do it optimally with finite step?

• We want to find a good (possibly high dimensional) step size : η : θt ↦ ℝd×d

θ0 = initialization, θt+1 = θt − ⟨ηt , ∇L(θt)⟩ is optimal.



STEP-SIZE SCHEDULES

How do you do it well with finite step?



GRADIENT DESCENT



GRADIENT DESCENT



GRADIENT DESCENT



GRADIENT DESCENT



GRADIENT DESCENT

How should we choose the step?



Optimal meaning:  

We go down the most within compute.

If we do as big of a jump as we can 
we are saving compute!



• Gradients are a descriptions of what your function looks like infinitesimally close. 

Since our compute constraint, we want 
the widest neighborhood possible


• What can allow us to turn something infinitesimal into something local?

INFINITESIMAL VS LOCAL



• It’s about how much it changes!

Step size is: 
How trustworthy the direction of the gradient is

• Smaller step size = less trust that the direction is accurate.


• Smaller step size = you think the direction is changing quickly!

INFINITESIMAL VS LOCAL



• It’s about how much it changes!

Step size is: 
How trustworthy the direction of the gradient is

How much it changes is about: 
Curvature along the trajectory!

INFINITESIMAL VS LOCAL



• How much the direction of the gradient changes.


• How big it needs to be before it overshoots.

INFINITESIMAL VS LOCAL

 Derivative (in the neighborhood)2nd



Message 1

Designing Gradient 
Based Optimizers

How to go:  
from infinitesimal to local  

(to global)



What is a gradient-based method?





How can we choose a better one?

θt+1 = θt + function{∇θL(z, θ), z ∈ B}

ON GRADIENT BASED METHODS

2) Using history: 
Momentum, Adaptive

1) Changing step size: 
Use local info optimally.



• Can we tweak the optimizer to use in the best possible way the local information?


• We can frame this question as:


We want to find the optimal step size (possibly matrix) :
η : θt ↦ ℝd×d

θ0 = initialization, θt+1 = θt − ηt ⋅ ∇L(θt) is "optimal".

CHANGING STEP SIZE

1) Changing step size: 
Use local info optimally.

Questions:



WHAT IS GD
• Locally around  we have the following approx:


.


• What is the min in  of ? 


Minus infinity. 


This is not an accurate approximation.

θt

L̃(ϑ) := L(θt) + ∇L(θt)⊤ (ϑ − θt)

ϑ L̃(ϑ)



• It’s about how much it changes!

Step size is: 
How trustworthy the direction of the gradient is

INFINITESIMAL VS LOCAL



GD IS A PROXIMAL METHOD

• Let say we trust it “ ”, we want to stay closer:


.


• What is the minimum in  of that? 





1/λ

L̃(ϑ) := L(θt) + ∇L(θt)⊤ (ϑ − θt) + λ∥ϑ − θt∥2
2

ϑ

argminϑ(L̃(ϑ)) ⟺ ∇L(θt) + 2λ ⋅ (ϑ − θt) = 0.

ϑ − θt = −
1
2λ

∇L(θt) .



WHAT IS GD
Increasing my trust :1/λ



 PROXIMAL METHODS

• Let say we trust it “ ”, we want to stay closer:


.

1/λ

L̃(ϑ) := L(θt) + ∇L(θt)⊤ (ϑ − θt) + λ∥ϑ − θt∥2
2

We can also change the  
norm and see what goes on!



OTHER METHODS

• Let say we trust it “ ”, in Euclidean norm:


.


• We can also trust it “ ” is a different -norm:


.


• Or in a matrix-  norm (which leads to preconditioning):


.

1/λ

L̃(ϑ) := L(θt) + ∇L(θt)⊤ (ϑ − θt) + λ∥ϑ − θt∥2
2

1/λ Lp

L̃(ϑ) := L(θt) + ∇L(θt)⊤ (ϑ − θt) + λ∥ϑ − θt∥p
p

P

L̃(ϑ) := L(θt) + ∇L(θt)⊤ (ϑ − θt) + λ∥ϑ − θt∥2
P, P ∈ Symm(d × d)



• Locally around  we also have the following Taylor approximation:





• After one step of Newton method (the optimal GD?) this can be rewritten as:


.


• It’s saying that you take a matrix step size, and the optimal is the one of the Hessian 
matrix!

θt

L(ϑ) ≈ L(θt) + ∇L(θt)⊤ (ϑ − θt) +
1
2

(ϑ − θt)⊤ ∇2L(θt) (ϑ − θt) .

L(ϑ) ≈ L(θt) + ∇L(θt)⊤ (ϑ − θt) +
1
2

∥ϑ − θt∥2
∇2L(θt)

NEWTON METHOD



OTHER METHODS

• Let say we trust it “ ”, in Euclidean norm:


.


• Another norm we can pick is:


.


.

1/λ

L̃(ϑ) := L(θt) + ∇L(θt)⊤ (ϑ − θt) + B∥ϑ − θt∥2
2

L̃(ϑ) := L(θt) + ∇L(θt)⊤ (ϑ − θt) + B∥ϑ − θt∥2
∞

ϑ − θt = −
∥∇L∥1

2B
sign(∇L(θt))



Message 1

Designing Gradient 
Based Optimizers

How to go:  
from infinitesimal to local  

(to global)



Message 2

Designing Gradient 
Based Optimizers

• Step size = Norm + Trust. 
• About second derivative.



ADAM



• Gradient-Based Methods 

‣ Choosing Step Size


‣ In practice 

• Initialization


• Scaling up

GRADIENT-BASED 
METHODS

Slides partly taken by Orvieto (2025)

https://drive.google.com/drive/folders/1qQuva2RaluWvKSZ6a2n6YgKsI9OEie5A


What is a gradient-based method?


θt+1 = θt + function{∇θL(z, θ), z ∈ 𝒟}

METHOD 2: HISTORY

2) Using history: 
Momentum, Adaptive

.θt+1 = θt + function{∇θL(Bt, θt), previous t}



• Momentum — Heavy ball (Polyak, 1964):


vt+1 = β1vt − η∇L(θt), θt+1 = θt + vt+1 .

USING THE PREVIOUS DIRECTIONS

• Nesterov Acceleration (Nesterov, 1983):


vt+1 = β1vt − η∇L(θt + β1vt), θt+1 = θt + vt+1



• Adam = momentum + per‑coordinate adaptive steps (Kingma and Ba, 2014): 

Let :gt[i] = ∂L(θt)/∂θ[i]

ADAMS FAMILY

• AdamW (Loshchilov & Hutter, 2019):


Adam on .(1 − ηλ) θt

ALSO THE HISTORY OF SIZES

mt[i] = β1, mt−1[i] + (1 − β1)gt[i],
vt[i] = β2, vt−1[i] + (1 − β2), gt[i]2,

m̂t[i] =
mt[i]

1 − βt
1
, ̂vt[i] =

vt[i]
1 − βt

2
,

θt+1[i] = θt[i] − η,
m̂t[i]

̂vt[i] + ϵ
.



MUON
• Muon (Jordan 2024) and:


SGD Momentum, only 
U, V⊤

https://kellerjordan.github.io/posts/muon/


Message 1

Designing Gradient 
Based Optimizers

How to go:  
from infinitesimal to local  

(to global)



Message 3

Designing Gradient 
Based Optimizers

It’s about: 
• How you choose the step 

size 
• What you make of the 

history



Message 2

Designing Gradient 
Based Optimizers

• Step size = Norm + Trust. 
• About second derivative.



• Gradient-Based Methods


‣ Choosing Step Size


‣ In practice


• Initialization 

• Scaling up

INITIALIZATION



Infinitesimally, to go down optimally we follow the gradient:


{
θ0 = initialization
dθt

dt = − ∇L(θt)

THIS CLASS

How to pick initialization? What is the optimal discrete 
step size version of this?



Classically, initialization is about:





In what basin of attraction you are:

{
θ0 = initialization
dθt

dt = − ∇L(θt)

CLASSICAL POV

It is about: 
which minimum Basins for Newton on  L(θ) = θ3 − 1



• Imagine you are taking the product of a list of numbers (or matrices):


 




• Imagine now the depth  is big:


‣ If the  are bigger than  this product explodes!


‣ If the  are smaller than  this product vanishes!

fθ(x) = θL ⋅ θL+1 ⋅ … ⋅ θ2 ⋅ θ1 ⋅ x

∂ℒ
∂h(ℓ)

= (
L

∏
k=ℓ+1

J(k)) ∂ℒ
∂h(L)

L ≫ 1

∥θℓ∥ 1 + 𝒪(1/L)

∥θℓ∥ 1 − 𝒪(1/L)

EXPLODING VANISHING



• Imagine you are taking the product of a list of numbers (or matrices):


 




• Imagine now the depth  is big:


‣ If the  are bigger than  this product explodes!


‣ If the  are smaller than  this product vanishes!

fθ(x) = θL ⋅ θL+1 ⋅ … ⋅ θ2 ⋅ θ1 ⋅ x

∂ℒ
∂h(ℓ)

= (
L

∏
k=ℓ+1

J(k)) ∂ℒ
∂h(L)

L ≫ 1

∥θℓ∥ 1 + 𝒪(1/L)

∥θℓ∥ 1 − 𝒪(1/L)

EXPLODING VANISHING

For this reason: 
Historically it was difficult 

to train deep models



• Imagine now the depth  is big:


‣ If the  are bigger than  this product explodes!


‣ If the  are smaller than  this product vanishes!

L ≫ 1

∥θℓ∥ 1 + 𝒪(1/L)

∥θℓ∥ 1 − 𝒪(1/L)

INITIALIZATION = TRAINABILITY

Maybe we can think of initialization as: 
About stability/trainability, not location.

• All the sublevel sets are connected ( ) (Nguyen, 2019)width > 8d



• Fixing activation/gradient scale per layer:


Variance-preserving initialization.


• Xavier/Glorot (tanh): 


. 

• Kaiming (ReLU):            


.

Var(Wℓ[i, j]) =
2

fan_in + fan_out

Var(Wℓ[i, j]) =
2

fan_in

HOW DO WE INITIALIZE THEN



• The issue is:


We said something about initialization, not through training.


• The solution is:


Changing the architecture

THROUGHOUT THE TRAINING?

• Non saturating activations (tanh) 

• Forcing layer normalization!



Message 3

• We want to pick the architecture and the initialization to enhance trainability.


• Not really for purposes of approximation or location of convergence!



• Gradient-Based Methods


‣ Choosing Step Size


‣ In practice


• Initialization


• Scaling up

SCALING UP

Cool references: https://howtoscalenn.github.io/ and therein

Achtung: No theory

https://howtoscalenn.github.io/


REGIME 3

• Enough exact data (all of them!) 
• Not enough compute!

We want a model that:

• (Just) can fit them all.

A training pipeline that allows 
it within my compute!



• We want the models to be big, cause error scales down!

BIG MODELS

Figure 1 from Kaplan et al. (2020).

https://arxiv.org/pdf/2001.08361


• Whenever we train a model we want to find the right hyperparameters.


• Grid searching them is a long and painful process:


That we can not afford under compute constraints! 

• The strategies are two:

• Reducing the number of them. 

• Finding a way to grid search in a more computable way.

THE ISSUE WITH BIG MODELS



• Designing hyperparameter free optimizers.


• Finding the gold standards.


• Coupling a few of them:


Linear scaling rule.

REDUCING HYPERPARAMETERS

Figure from Pethick et al. (2025)

https://arxiv.org/pdf/2502.07529


SEARCHING, THEN SCALING UP

Source tweet. Extracts from Yang et al. (2022).

https://x.com/andrew_n_carr/status/1821027437515567510
https://arxiv.org/pdf/2203.03466#page=4.02


SCALING UP THE WIDTH

Figure 2 from Cerebras (2024), Figure 1 and tables from Yang et al. (2022).

https://www.cerebras.ai/blog/the-practitioners-guide-to-the-maximal-update-parameterization
https://arxiv.org/pdf/2203.03466#page=4.02


MUP: NOW WE CAN SCALE

Exctracts from Yang et al. (2022).

https://arxiv.org/pdf/2203.03466#page=4.02


MUP: NOW WE CAN SCALE

Extracts from Yang et al. (2022).

https://arxiv.org/pdf/2203.03466#page=4.02


muP figures out width scaling 

• How about depth?


• How about batch size and dataset size?

SCALING UP

Figure from Pethick et al. (2025)

https://arxiv.org/pdf/2502.07529


muP figures out width scaling 

• How about depth?


• How about batch size and dataset size?

SCALING UP

Figure from Bjorck et al. (2024)

https://arxiv.org/pdf/2409.19913


muP figures out width scaling 

• How about depth?


• How about batch size and dataset size?

SCALING UP

Figure from Bjorck et al. (2024)

https://arxiv.org/pdf/2409.19913


Message 5

In Regime 3 it is difficult 
to find the hyperparams.

You can search small 
and scale up for some!



Conclusion

How do we train networks?



Message 1

Designing Gradient 
Based Optimizers

How to go:  
from infinitesimal to local  

(to global)



Message 3

Designing Gradient 
Based Optimizers

It’s about: 
• How you choose the step 

size 
• What you make of the 

history



Message 4

• We want to pick the architecture and the initialization to enhance trainability.


• Not really for purposes of approximation or location of convergence!



Message 5

In Regime 3 it is difficult 
to find the hyperparams.

You can search small 
and scale up for some!



Principles
• We want to pick as we said:


The architecture and the initialization to enhance trainability.


• We can pick the right gradient-based method choosing step size and history:


Hessentially following 1/Hessian… (maybe not).


• We want to search hyperparameters in a small space and scale up.



Next Lecture: Message 1

Designing Gradient 
Based Optimizers

How to go:  
from infinitesimal to local  

(to global)



What is this Picture Missing?

SGD smaller batch size



Location of Convergence
It is not just about if you go down within compute:


• It’s also about where you go within compute!


• We discussed how to do your best in the step:


Infinitesimal to local 

• We did not say anything about:


Local to Global 

Next class is about local to global: 
On the location of convergence  

and the phases of training


